arXiv:1503.08882v3 [math.NT] 8 Nov 2016 


Intertwining semisimple characters for p-adic classical 

groups 

Daniel Skodlerack and Shaun Stevens 
November 9, 2016 


Abstract 

Let G be a unitary group over a nonarchimedean local field of odd residual 
characteristic. This paper concerns the study of the “wild part” of the irreducible 
smooth representations of G, encoded in a so-called “semisimple character”. We 
prove two fundamental results concerning them, which are crucial steps towards a 
classification of the cuspidal representations of G. First we introduce a geometric 
combinatoric condition under which we prove an ’’intertwining implies conjugacy” 
theorem for semisimple characters, both in G and in the ambient general linear 
group. Second, we prove a Skolem-Noether theorem for the action of G on its 
Lie algebra; more precisely, two semisimple elements of the Lie algebra of G which 
have the same characteristic polynomial must be conjugate under an element of G 
if there are corresponding semisimple strata which are intertwined by an element 
of G. MSC2010 [11E57] [11E95] [20G05] [22E50] 

1 Introduction 

One of the reasons for studying the representation theory of p-adic groups is, via the 
local Langlands correspondence, to understand Galois representations: eventually, one 
can hope to get explicit information on Galois representations from this correspondence. 
The arithmetic core, which is rather mysterious on the Galois side, is encoded in restriction 
to wild inertia. On the automorphic side, this restriction should correspond to looking at 
certain representations of certain pro-p-subgroups. 

For /mi die general linear groups, Bushnell-Kutzko [ BK93j constructed, and classified, 
all cuspidal irreducible representations. At the heart of this classification sit the so-called 
“simple characters”; these are very particular arithmetically-defined characters of pro-p- 
subgroups, which exhibit remarkable rigidity properties (see below for details). These 
properties were exploited, and extended, by Bushncll-Henniart |BH96] . who defined the 
notion of an “endo-class” and hence proved a Ramification Theorem [ BH03] for the local 
Langlands correspondence for general linear groups: there is a bijection between the set 
of endo-classes and the set of orbits (under the Weil group) of irreducible representations 
of the wild inertia group. More recently, they have extended this, using the fundamental 
structural properties of simple characters to prove a Higher Ramification Theorem [ BH16j . 

For p-adic classical groups — that is, symplectic, special orthogonal and unitary groups 
- in odd residual characteristic, analogous characters were constructed by the second au¬ 
thor [Ste05j as a fundamental step in his construction of all cuspidal irreducible represen¬ 
tations [Ste08] . This required first extending the theory of simple characters to the case of 
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“semisimple characters” (see also the work of Dat |Dat09j ). However, the rigidity results 
which allowed Bushnell -Kutzko to obtain a classification were missing - partly because 
some of them are false. 

In this paper, we prove many of these rigidity results for semisimple characters, which 
are new even in the case of general linear groups - in particular, we prove “intertwining im¬ 
plies conjugacy” and Skolem-Noether results (see below for details). In a sequel [ KSS16] 

, jointly with Kurinczuk, we are then able to put this together with other work of Kur- 
inczuk and the second author [KS15j , to turn the construction of cuspidal representations 
into a classification, both for complex representations and in the ^-modular case. 

We anticipate further work to come from these rigidity results. Semisimple characters 
(or, more precisely, their endo-classes) should give a decomposition of the category of 
smooth ^-modular representations of classical groups. The Glauberman correspondence 
leads to a conjecture of a certain form of Frobenius reciprocity between smooth represen¬ 
tations of a classical group and certain self-dual representations of the ambient general 
linear group, which respects the decomposition parametrized by semisimple characters 
and allows one to transfer questions about classical groups directly to those about general 
linear groups. Finally, we expect that all can be generalized to proper inner forms of 
classical groups, where additional problems (analogous to those in the case of inner forms 
of general linear groups j BSS12j ) arise. 

Now we state our results more precisely. Let F be a nonarchimedean local field of 
odd residual characteristic. Let G be the isometry group of an e-hermitian space with 
respect to some automorphism of F of order at most two, so that G is the group of fixed 
points under an involution on the full automorphism group G of the underlying F-vector 
space V. We similarly regard the Lie algebra of G as the fixed points of an involution 
on A = End^(H). Note that, when e = 1 and the involution on F is trivial, we are 
working with the full orthogonal group; however, the set of semisimple characters for the 
full orthogonal group and for the special orthogonal group coincide. 

The starting point in the construction of semisimple characters is an algebraic com¬ 
binatoric object, a so-called semisimple stratum [A ,q,r,/3]. The principal data here are: 
an element fi e A which generates a sum of held extensions E = F[f3] = (£) ieI E{, and 
a rational point A in the (enlarged) Bruhat-Tits building of the centraliser of ft in G, 
which we think of as a lattice sequence in V (see [ BL02] ). Associated to A, we have a 
filtration ( a n ) n ez, of A (which is the MoyAPrasad filtration) and the integer q is defined 
by fi € a_ g \ai_ 9 ; this is required to be positive. Finally, r is an integer between 0 and q 
which is small enough in the following approximate sense: the stratum [A ,q,r,/3\ corre¬ 
sponds to the coset ft + a_ r and r must be small enough so that the formal intertwining of 
the coset has a nice formula involving the centralizer of f3. (See section |6] for more details, 
and a precise definition.) A semisimple stratum [A ,q,r,/3] as above splits according to 
the primitive idempotents 1* of E, giving simple strata [A 2 , q i: r, in V 1 = VV, which 
are studied in |BK93] . In particular, a semisimple stratum is simple if and only if its 
indexing set / has cardinality one. 

Associated to any semisimple stratum [A, q, r, /3], and for any integer m ^ 0, we have a 
family C(A, m, /3) of semisimple characters. We do not recall the definition here (see again 
Section |6|) but note only that, by applying the idempotents, we obtain from a semisimple 
character 9 a collection of simple characters 6**, for i e I. For simple characters, the 
fundamental rigidity property proved in [ BK'93j for lattice chains (i.e. sequences without 
repetition), is the following: 

Suppose 6 e C( A, m, /3) and 6' e C(A, m, /3') are simple characters which inter- 
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twine in G. Then they are conjugate in the parahoric subgroup U(A). 

In the case of semisimple characters, this result is false as soon as \I\ > 1: the essential 
reason is that one can have two lattice sequences (or even chains) A, A' which are conju¬ 
gate in G but such that the separate pieces A\A n are not (all) conjugate in Aut F (W). 
(Equivalently, there are points in the building of a proper Levi subgroup of G which are 
not conjugate under the Levi but are conjugate under G.) For similar reasons, the result 
would remain false if one weakened the conclusion to only conjugacy under G. Thus 
one needs an extra condition to ensure that intertwining implies conjugacy. In order to 
describe this condition, we need a “matching theorem” for semisimple characters which 
intertwine: 

Theorem (Theorem IIP.ID . Let 9 e C(A,m,/3) and 9' e C(A',m, f3') be semisimple char¬ 
acters which intertwine. Then there is a unique bijection ( between the index sets I 
and I' such that the simple characters 9i and dW are intertwined by an isomorphism 
in Hom F (VTI/ /c W). 

This matching theorem allows us to describe a condition which is certainly necessary 
for conjugacy: if 9,9' as in the Theorem are conjugate by an element of the parahoric 
subgroup U(A) then, with £ : / —*• /' the matching given by the previous Theorem, we 
have 

dim KF A\/A\ +l = dim KF Af^/A'f^, for all ie I and l e Z. (1-1) 

It turns out that this condition is also sufficient to obtain an “intertwining implies conju¬ 
gacy” result: 

Theorem (Theorem IIP.2p . Let 9 e C(A, m, /3) and 9' e C(A', m , (3 ') be semisimple charac¬ 
ters which intertwine, let <j : / —» /' be the matching given by Theorem \10.1[ and suppose 
that the condition (11.11) holds. Then 9 is conjugate to 9' by an element of U(A). 

Now we turn to our results for classical groups, so we assume that our underlying 
strata [A ,q,r,/3] are self-dual - that is, (3 is in the Lie algebra of G and A is in the 
building of the centralizer in G of (3 (see [ BS09j h Our first main result here is a Skolem- 
Noether theorem for semisimple strata, which is crucial in the sequel [ KSSlfi j: 

Theorem Theorem 17.12j) . Let [A,q,r,/3\ and [A ',q,r,(3'] be two self-dual semisimple 
strata which intertwine in G, and suppose that j3 and f3' have the same characteristic 
polynomial. Then, there is an element g e G such that g(3g l = /3'. 

In order to prove this statement, in Section Owe analyse the Witt groups W*(E) of 
finite field extensions E of F and trace-like maps from W*(E) and IT* (F) . 

Given a self-dual semisimple stratum [A ,q,r,/3], the set C_(A,m, (3) of semisimple 
characters for G is obtained by restricting the semisimple characters in C( A, m, (3). (Equiv¬ 
alently, one may just restrict those senisimple characters which are invariant under the 
involution defining G.) Our final result is an “intertwining implies conjugacy” theorem 
for semisimple characters for G. 

Theorem Theorem 110.31) . Let 6L e C_(A, m, j3 ) and 9'_ e C_(A, m, (3') be two semisimple 
characters of G, which intertwine over G, and assume that their matching satisfies (11.11) . 
Then, 9- and 9'_ are conjugate under U(A) = U(A) n G. 
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2 Notation 


Let (F. v F ) be a nonarchimedean local field of odd residual characteristic, equipped with 
an involution p (which may be trivial) with fixed field Fq. We write o F ,p F and Kp for 
the valuation ring, its maximal ideal and the residue field of F respectively, and we 
assume that the image of the additive valuation iv := j/p is Z u {co}. We also denote 
by x •—> x the reduction map op -» k f = op/pp. We fix a symmetric or skew-symmetric 
uniformizer w e p F \p 2 F . We use similar notation for other nonarchimedean local fields. 
If E\F is an algebraic field extension then we write E ur for the maximal unramified 
subextension of E\F. 

Let h be an e-hermitian form (with e = +1) on an F-vector space V of finite dimen¬ 
sion m, i.e. for all Vi, v 2 e V and x,y e F the bi-additive form h satisfies 

h(v 1 x,v 2 y) = p(x)ep(h{ k v 2 ,vi))y. 

We denote the ring of F-endomorphisms of V by A and its group of units A x by G. 
Let G be the group of all elements g of G such that h(gv 1, gv 2 ) is equal to h(v 1, u 2 ), for all 
vectors Vi, v 2 \ this is the group of points of a reductive group over F 0 , which is connected 
unless F = F 0 and e = +1, in which case it is the full orthogonal group. Let a = Uh be 
the adjoint anti-involution of h on A. For a cr-stable subset M of A, we write M + for the 
set of symmetric elements and M_ for the set of skew-symmetric elements. 

An (jp-lattice in V is a free op-module M of dimension m. The dual of M with 
respect to h is the set of all vectors v of V such that h(v, M ) is a subset of p^. A lattice 
sequence in V is a map A from Z to the set of o,p-lattices of V satisfying 

(i) A s c Aj, for all integers s > t, and 

(ii) A s w = A s+e for some (unique) integer e and all integers s. 

We call e =: e(A| o F ) the op-period of A. An injective lattice sequence is called a lattice 
chain. For each integer s, we denote by x *-*• x the reduction map A s -» A s /A s+ i. A 
lattice sequence A is called self-dual if there is an integer u such that (A s ) # = A u _ s . 

As usual, a lattice sequence A determines the following filtrations of A and A_ (if A 
is self-dual): a,(A) is the set of all elements of A which map A s into A s+i for all integers s 
and a_ i i(A) is the intersection of a,; (A) with A_. We skip the argument A if there is no 
cause of confusion and we write a' if there is a second lattice sequence A' given. 

The sequence A also induces filtrations on U(A) := ag by U (A) = 1 + cq and, when A is 
self-dual, on U(A) := U(A)nG by U*(A) = GnU'(A) for jeN. The filtration on A defines 
a “valuation map” as follows: for (3 e A, we put is\(/3) = sup{f | j3 e aj, an integer or 00 . 
The normalizer n(A) of A is the set of elements of g e A x such that (g~ l ) = —u^(g). 

The translation of A by s e Z is the lattice sequence (A + s)j := AThe lattice 
sequence 

A © (A + 1) © • • • © (A + e(A|<gp) — 1) 

is always a lattice chain. By this construction, many theorems in [IBK93] proven for lattice 
chains are valid for lattice sequences (cf. [Ste05j . and also [ KS15j . where this is called a |- 
construction). If this is the case, or the proof of a result for lattice chains is valid for 
lattice sequences without change, then, in the following, we just refer to the statement 
for lattice chains. 

Finally, for x a real number, we denote by |xj the greatest integer not greater than x. 
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3 Lifting isometries 

The isomorphism type of the hermitian space (V, h ) is encoded in any self-dual lattice 
sequence of V, as explained in this section. The main results are Proposition 13.11 and 
Corollary [321 which explain how an approximate isometry (for example, one which induces 
an isometry at the level of residue fields) can be lifted to a genuine isometry. Let us state 
the main proposition: 

Proposition 3.1. Let F\F' be a finite field extension. Suppose we are given two finite¬ 
dimensional e-hermitian spaces (V,h) and (V 7 , h') with respect to ( F, p ), an F'-linear 
isomorphism f : V —> V' and two self-dual of- lattice sequences A and A' of (V, h ) 
and (V 7 , h'), respectively, such that, for all ieZ, 

• /(Ai)-A', 

• /((Aj) # ) -/(A,) # , 

• h'(f(v ), f(w)) = h(v, w) e kf, for all v e A,, w e (A i+ i )*and 

• f(vx) = f(v)x e K+e(Ano F )v k (x)/K+i+e(A'\o F )v k {x)’ f 0r dl V £ A i; X S F X . 

Then there is an F-linear isometry g from (V, h) to (V 7 , h') mapping A to A' such that (/ — 
g)(Ai) Q A' +1 for all integers i. 

Later it will be useful to have a stronger approximation statement. For that we intro¬ 
duce a generalization of the adjoint anti-involution. For two finite-dimensional e-hermitian 
spaces {V,h) and (V 7 , h') with respect to (F, p) there is a map a^h' from Horri/r(V, V') 
to Hom F (y', V) defined, for / e Horrid(C, V'), by the equation 

h'(f(v),w) = h(v, cr h , h '(f)(w)), for v e V, we V'. 

Corollary 3.2. Let n be a positive integer, let A be a self-dual lattice sequence and let f : 
V —> V' be an F-linear isomorphism such that /(A) is self-dual and 

v h , h ’{f) e U"(A)/ _1 U n (/(A)). 

Then there is an isomorphism <f of e-hermitian spaces from (V, h ) to (V, h') contained 
m U n (/(A))/U”(A). 

Proof. The e-hermitian spaces (V, h) and (V ', h!) are isomorphic to each other by an 
isomorphism which maps A to /(A), by Proposition 13.11 Thus we can restrict to the case 
where (V, h ) is equal to (V 7 , h') and /(A) is equal to A. By assumption, the double coset 
U (A)/U (A) is invariant under the automorphism g >-* <7h(g _1 ), and this double coset 
thus has a fixed point, by [SteOlal Lemma 2.2], □ 

We need a sequence of lemmas to prove Proposition 13.11 

Lemma 3.3. Suppose that A is a self-dual lattice chain of period 1 such that Af = Aj. 
Consider the form 

h \ A 0 /Ai x A 0 /Ai —* kf 

defined by h(v,w ) = h(v,w). Then every Witt basis of (A 0 /Ai ,h) lifts to a Witt basis 
of (V, h ) contained in A 0 , under the projection A 0 -» A 0 /Ai. 
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Proof. Let B be a Witt basis of h. We have 

B = £ow£i,_iuE 2) -2W ... wB rj _ r , 

where spans a hyperbolic space, Bo spans an anisotropic space, and all these spaces 
are pairwise orthogonal to each other in Ao/Ai. Further we have a decomposition 

Bo = BopwBoyw ... u£>o,t 

into pairwise orthogonal sets of cardinality one. Take an arbitrary lift B'^ of B to Ao; 
for an element v £ B, we write v e B'^ for its lift. 

Step 1 : Consider £> 0j i = {u 0 }; put W := and define 

B /(1) := {proj M/ (n) | v £ B /(0) \{n 0 }} u {n 0 }, 

where proj^/ denotes the orthogonal projection onto W. We recall the formula 

. , x h(v 0 ,v) 

pro Jlv ( V ) = « - 

and conclude that h(proj w (v), proj vy (n')) is equal to 

——— h(vo,v')h(v,v 0 ) _ p(h(v 0 ,v))h(v 0 ,v / ) p(h(v 0 , v))h(v 0 , v') 

h(v 0 ,v 0 ) p{h(v 0l v o)) p(h(v 0 ,v 0 )) 

and therefore equal to h(v, v') for all v, v' £ B'(°>. Thus, replacing (V, h) by (W, h\w ) and A 
by its intersection with W and then repeating, we can assume that Bq is empty. 

Step 2 : Consider £>i_i = {ui,v_i} and define now W := {ui, W-i} 1 . Then, as in 
Step 1, elements v and v' of 

B /(1) := {proj vy (n) | v £ B' (0) \{wi, n_i}} u {ui,u_i} 

satisfy /i(proj w (n),proj w -(n')) = h(v,v'), because if v £ B'^\{ni,n_i} then 

v = proj M/ (n) + v-ih(v\,v) + vieh(v-i,v) (mod Ai). 

Thus we have reduced to the hyperbolic case that B is equal to B±-\. 

Step 3: B = B\-\ = {hi,h_i}. The sequence (wf )^i ,dehned by w\ := v\ and 

h(wi , Wi) . 

w i+1 :=Wi-V-i ---, for i ^ 1, 

has a limit v[ which satisfies h(v[,v[) = 0 and v[ = V\, and analogously we find v'_ x with 
similar properties. Then 

n'W) •= /_ \ _ v > 

■ \v' x p{h{v'^v'_ x )y - 1 

is a Witt basis of V which lifts B. □ 

Lemma 3.4. Suppose that A is a self-dual lattice chain of period 1 such that Af = A 0 . 
Consider the form 

h \ A 0 /Ai x A 0 /Ai —* k 

defined by h(v , w) = h{y,w)w~ 1 . Then for every Witt basis B = BowB - wB + of (A 0 /Ai,h), 
with isotropic parts B~ and B + and anisotropic part Bo, there is a Witt basis B' = 
BquB /+ uB /_ <= A_! of (V,h) such that B' 0 , B ,+ and B'~w are lifts of B 0 , B + and B~ 
under the projection A 0 -» A 0 /A 1; respectively. 
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Here we explicitly make use of the fact that p(w) e {w, ^w}. 

Proof. This follows directly from Lemma [3.31 if we substitute h by hzu -1 . □ 

We need a third base case for period 2. 

j± 

Lemma 3.5. Suppose that A is a self-dual lattice chain of period 2 such that Aq = Ao- 
Then h has anisotropic dimension zero and for any basis Bo of A 0 /Ai there is a Witt basis 
for h, 

B' = B'_ x u B' q , 

such that B\ is a subset of Aj\A i+1 for all i and such that B' 0 is a lift of B 0 under the 
projection A 0 -» A 0 /Ai. Further, h vanishes on B' 0 x B' 0 . 

Proof. First we prove that h is hyperbolic. Suppose for contradiction that it has positive 
anisotropic dimension, i.e. let v be an anisotropic vector and part of a Witt basis for h 
which splits A. We can multiply v by a scalar such that h(v, v ) is a unit or a uniformizer 
of F. We treat only the second case, because the first one is similar. There is an index i 
such that Aj n vF is equal to vop, and then this is equal to A* n vF because h(v,v) 
is uniformizer. Since, for all lattices in the image of A the homothety class is invariant 
under dualization, we obtain that the index has to be zero. Thus, A_i n vF = p^ 1 is 
equal to tn -2 (Ai n vF), which is a contradiction. 

Now let us construct the lift. We start with a Witt basis B" for h which splits A. 
Let Bq be the set of elements v of B" such that 

vF n A 0 + vF n A 1; 


and let W 0 be the span of B'j. We prove that the restriction of h to W 0 is zero. We 
define, for v e B", the element v* to be the element of B" such that h(v,v*) is non¬ 
zero, i.e. equal to 1 or —1. If there is an element v e Wo n B" such that v* e Wo 
then A_i n(vF+v*F) = A 0 n(vF+v*F) and thus this coincides with (A_i) # n (vF+v*F). 
This is a contradiction because (A_i)# is equal to Ai. This shows that h is zero on Wo- 
Thus, multiplying elements of Bq by scalars if necessary, we can assume that B'j is a subset 
of A 0 \Ai. By the definition of Wo we have that, for all v e B[f the intersection of vF 
with A_! is vop for all v e B'j and thus taking duals we get that the intersection of v*F 
with Ai is v*pF, and thus B" is a subset of A_i\A 0 . Thus, we have now found a basis B" 
satisfying all the conditions except that B'j need not be a lift of Bo- Now a base change 
from B'q to a lift of Bo in Wo, together with the adjoint base change on the span of B"\B'j , 
finishes the proof. □ 


Corollary 3.6. Under the assumptions of Lemma \3.5 1 there is a unique n-basis B-± 
of A_i/A q such that, for all elements x of B 0 , there is exactly one element y of £Li 
such that 


h(y, z) 


1 , if z = x 
0 , if ze H 0 \{x} 


where h : A_!/A 0 x Aq/Ax —> k is the form induced from h. Further, there is a Witt basis 
for h which lifts B 0 u B_\. 


Proof. By Lemma 13.51 the form h is non-degenerate and thus identifies the dual of Aq/Ai 
with A_!/A q with a-twisted ^-action. We take for B_\ the basis dual to Bo- The remaining 
part follows from Lemma [3.51 □ 
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We put together the two previous results to treat the general case. 


Lemma 3.7. Let A be a self-dual lattice chain of period e and let B be a subset of V 
satisfying the following conditions: 

(i) (Ao) # e {A 0 , Ax}/ 

(ii) 8 = with Bi c Aj\A i+ i; 

(iii) Bi, the image of Bi in Aj/A i+ i ? is a basis of Ai/A i+ i; 

(iv) for all is {0,1,, [^J} with (A f)* f {A i+1 , A i+1 _ e } and all v s Bi there exists a 
unique v's B n (A, + i) # \ (Aj) # such that h(v,v') = 1; 

(v) if (A 0 ) # = Ai then Bq is a Witt basis for (A 0 /Ai, h); 


(vi) if ( A^e-ij) # = A^i-ej then ij is a Witt basis of (A^e-ij/Ae+i, hw *). 

Then there is a basis B' of (V, h) such that 

(a) B' = UjLj^hLj 8 i’ where 8 i '■= 8 ' n (Aj\A i+ i), for all i, 

(b) B'i = Bi, for all i, and 

(c) B' is a Witt basis of (V, h) up to multiplication of some isotropic elements of B\ 


L^J 


by w 1 . 


Proof. The lattice chain A is split by a Witt decomposition; that is, there are pairwise 
orthogonal e-hermitian spaces V\ i s {0,..., whose sum is V such that 

(W n Aj) + A i+1 = A* and W n (A i+1 )# + (A,)# = (A m )#. 


Counting dimensions we deduce that V 1 n A 3 is a subset of A J+1 for all j with (A f)# f 
{A*a, (A i+1 ) # a | a s F x }. Now consider, for 1 ^ i ^ [^-J, 

Bi := {proj yi (» | vs Bj and Aj s {A*, (A m ) # }} . 

For each i, the lattice sequence A n V 1 in V 1 is a multiple of a lattice chain of period 1. 
Thus, after scaling, we can apply Lemma 13.31 or 13.41 or Corollary 13.61 on (V\A n VfB,) 
to obtain B[. □ 

Proof of Proposition \3.1i We only have to prove that we can replace / by an F-linear 
isomorphism, i.e. that we can reduce the argument to F = F'. The rest follows directly 
from Lemma [3.71 

Since the statement depends only on im(A), without loss of generality assume that A, 
and therefore A' also, is a chain. Take a ftp-basis (vij)j of Aj/A i+1 and lift it to (vij)j, for i = 
0,..., e(A|op). Then {v l j ) l3 is an F-splitting basis of A. Similarly we choose a lift 
for (f(vij))ij. The F-linear map / which maps Vij to Wij satisfies the assumptions of the 
Proposition and (/ — f){Af) cr A i+ i, for all isTL. Thus we can replace / by /. □ 









4 Witt groups 

In this section we fix a finite field extension E\F and an involution p' extending p. We 
fix a non-zero p'-p-equivariant F- linear map 

\\ E -* F. 

We heavily use in this section that the residue characteristic of F is odd. We will see 
that the map A induces in a natural way a map from the Witt group Wp >e {E) of (p',e)- 
hermitian forms over E to the Witt group W Pte (F). 

We recall that the Witt group W Pt6 (F) is the set of equivalence classes of (p, e)- 
hermitian forms over F, where we say two such forms are equivalent if their maximal 
anisotropic direct summands are isometric. We write (h) for the class in W p _ e (F) of 
signed forms equivalent to h\ similarly, for a (skew-) symmetric matrix M, we write (M) 
for the class of signed hermitian forms equivalent to the form with Gram-matrix M under 
the standard basis. 

The group structure on W p>e (F) is induced by the orthogonal sum. Let us recall its 
structure: 

Theorem 4.1. The Witt group W p ^(F) is isomorphic to 

(i) the trivial group if p is trivial and e = — 1 ; 

(ii) C 2 x C 2 if — 1 e (F x ) 2 and p is non-trivial; 

(iii) C 4 if p non-trivial and —1 f ( F x ) 2 ; 

(iv) C 2 x C 2 x C 2 x C 2 if —1 e ( F x ) 2 , e = 1 and p is trivial; 

(v) C 4 x C 4 if — 1 f ( F x ) 2 , e = 1 and p is trivial. 

Proof. The proof is an easy conclusion of the classification of the hermitian forms using 
Witt bases, given for example in [ BT871 1.14], and is left to the reader. □ 

When it is non-trivial, the group W P}£ (F) is generated by the classes of one-dimensional 
anisotropic spaces. For example, if e = 1 then: in the case F ^ F 0 , the one-dimensional 
anisotropic spaces are ((1)) and ((<5)), with 5 e Fq\Nf/f 0 (F x ); in the case F = F 0 , the 
one-dimensional anisotropic spaces are <((1)), ((w)), ((5)) and ((5m)), with 5 a non-square 
unit in of- 

Definition 4.2. We define Try e from Wp> je (E) to W pp fF) by 

(h) «(Ao h) =: Tr Aie «h». 

If E\F is tamely ramified and A = tr e\f then we write Ti'E\F,p',e for Tr Aie . 

For the remainder of the section we often skip the subscripts in Tr. 

Example 4.3. In general, the map TrE\F,p',e is not injective, even if e = 1. For example 
consider E = Q 3 (\/ 3 i ), F = Q 3 (v / 5 ) and p'(V5) = —\/5. Then 

1iE|W,,«(V3)» = <'(° o)) = °. 
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so that Tr E \F,p',e is not injective. On the other hand, we have that 


T^e\f, p ', €«(!))) = ^ e))^ 0 ’ 

In particular, Ti'E\F,p',e maps the class <((\/3) © (1)) of maximal anisotropic dimension to 
the class W p , t {F) of maximal anisotropic dimension. We will see that this is always the 
case. 


There is a unique element X in W fpf (F) with maximal anisotropic dimension, which 
we denote by X Pt€} E- The main result of this section is the following theorem: 

Theorem 4.4. Tr A (W pViE ) = X p ^ F . 

The following dehnition will be useful both in the proof of Theorem 14.41 and in several 
other proofs later. 

Definition 4.5. Let 7 be a (skew-)symmetric element of Auti?(P). We define the signed 
hermitian form 

h 7 : V x V — F 
via 

h y (v,w) := h(v,^w), v,w e V. 

We call /i 7 the (skew-) symmetric twist of h by 7 . 

Note that, if h is an e-hermitian form, then h~ f is e-hermitian when 7 is symmetric, 
and (—e)-hermitian when 7 is skew-symmetric. Twisting by a symmetric element 7 in¬ 
duces a permutation of W Pfi {F) and we observe that, by an easy check, the only classes 
in W pt (F) which are preserved by every symmetric twist are the trivial class and the 
class X peF of maximal anisotropic dimension. Indeed, twisting by all symmetric elements 
gives a transitive action on the classes of spaces of fixed odd (anisotropic) dimension. 

Proposition 4.6. If E\F has odd degree, then, Tr A is injective. 

Proof. There is nothing to say in the symplectic case, so we assume e = 1 or F F Fq. 
Moreover, we can assume that e = 1 because, if F F F 0 then a twist by a skew-symmetric 
element of F x induces bijections Wp> t i(E) —» W p >_i(E) and W pA (F) —> W p _i(F), com¬ 
muting with Tr A . Now Tr A (((l))) is a class of odd anisotropic dimension, all classes of 
this anisotropic dimension are symmetric twists of Tr A (((l))) and they generate W Pi \(F). 
Thus Tr A is surjective and, moreover, bijective, since W pA (F) is isomorphic to W p i t \(E) 
as groups. □ 


Lemma 4.7. Suppose E\F is of degree 2 and F = F 0 . Then m^Tr^y^) has at least 
four elements. Further: 

(i) If E F E 0 then Tte\f, p ',i is injective. 

(ii) If E = Eq then the kernel ofTv E \F,p',i has exactly A elements and they have anisotropic 
dimension at most 2 . 
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Proof. Take an element 8 e Ef and a uniformizer a of E which is skew-symmetric with 
respect to the generator r of Gal(£'|F). Then Tr^y^^A)) has Gram matrix 

/ 8 + t( 8) a(8 — t(8)) \ 

\ v +a(5 — t ( 5 )) ±a 2 (8 + T(8))J 


with respect to the -F-basis {l,a}, where we have + if p' is trivial and — if not. Its 
determinant is d := +Aa 2 NE\F(8) and we only have to choose 8 such that — d is not a 
square in F to get that Tr S | Fp / jl (<(((5))) is non-zero. 

If —1 e ( E x ) 2 then, since p is odd, also —1 e N e \ f (E x ) and thus we can find 5 e Eq 
such that — d = 4a 2 ; this is not a square in F x because a f F. If — 1 f ( E x ) 2 then E\F 
is ramified and vp(a 2 ) = 1 so we can take 8 = 1 to get — d f (F x ) 2 . 

In either case, we have that TrE|F,//,i(((£))) is non-zero for a suitable 8, and thus of 
anisotropic dimension 2. Taking symmetric twists of Tr^i^y^ ((($))) by elements of F 
(which commute with Trgi^y^), we see that the image of Trgi^y^ has at least two non¬ 
trivial elements and thus, as a subgroup of a 2-group, at least four elements in total. This 
also shows (i) 

We consider now the case E = E 0 . Take y e of to be a non-square unit if E\F 
is ramified and a uniformizer of F if E\F is unramified. Then (a) and (ya) are not 
isomorphic and both are in the kernel of TiyiF idl . Since the kernel consists of at most 
four elements, it is the subgroup generated by ((a)) and {(ya)), which is of order four 
and consists of classes of spaces of anisotropic dimensions 0,1,1, 2. □ 


Proof of Theorem\4-4\ As in the proof of Proposition 14.61 we may assume that e = 1 . We 


only need to prove the statement for one A, because given two such maps Ai, A 2 there is a 
symmetric element z of E such that \\(zx) = \i(x) for all x e E. (We thank R. Kurinczuk 
for pointing this out.) Moreover, we only have to prove that Tx\(X p * )E , 1 ) is non-zero for a 
suitable A, since its image is invariant under any symmetric twist with an element of F 0 X , 
so must be trivial or X p l F . 

If E/F is of odd degree then the result follows immediately from Proposition 14.61 
Since the result is transitive in towers of extensions, this means we can reduce to the case 
that E/F is quadratic; in particular, E\F is at worst tamely ramified and we can take A = 
tr S |i?. Moreover, we may replace E\F by E\F 0 since, if Tr e\f 0 ,p’,\(X p ' i \,e) is non-zero 
then TrE\F, P ',i(X p ' ltE ) is non-zero also. But then, by transitivity again and considering 
the extensions E\E 0 and E 0 \F 0 , we reduce to the case E\F quadratic with F = F 0 . Now 
Lemma [4.71 implies that X p ^i^ is not in the kernel of Fte\f,p',Ii as required. □ 


5 Skolem—Noether 

In this section we consider Skolem-Noether-like theorems for classical groups. We take 
the notation E,p', A from Section [4l We fix two p'-cr-equivariant F-algebra embeddings 

4>i : (E,p') -> (A, a), i = 1 , 2 . 


We attach to each fa an e-hermitian form 

h* :V xV -> E 


with respect to p' such that 


h = Ao /A 
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For the proof that such a form exists and is unique, see [ BS09j . Note that the e-hermitian 
forms hP'- differ because the maps 0, induce different Enactions on V. In particular, 
two such embeddings 4>i,(t>2 are conjugate by an element of G if and only if (V,h0) is 
isomorphic to (V, h^ 2 ) as an hermitian .E-space. 

We then get the following corollary of Theorem 14.41 

Corollary 5.1. Suppose that p' is non-trivial and that either e = 1 or F ^ F 0 . Then </>i, </> 2 
are conjugate by an element of g e G, that is 

g<fi(x)g- 1 = (j) 2 {x),for all x e E. 

Proof. We write Wp )e (E)° for the set of classes of W p ^ e (E) with even-dimensional anisotropic 
part. Then W p > te (E)° only consists of the trivial element and X p ^ fE so, by Theorem 14.41 
there is a map A such that TrA is injective on W p > je (E)°. Since TVa {(h^f) = (hj 1 we deduce 
that (V, h < f >1 ) and (V, h^ 2 ) are isomorphic as hermitian E-spaces and the result follows. □ 

In the symplectic case, the analogous result is false without further hypotheses. The 
following theorem gives a sufficient additional condition which will be useful. 

Theorem 5.2. For i = 1,2, let A* be a self-dual lattice sequence in V normalized 
by 4>i(E) x . Let /3 be a non-zero skew-symmetric element generating E over F and 
write ri : = 1 + u a*(0$(/?)). Suppose that there is an element g of G such that 

9~ l (MP) + a n( Al )) 9 ^ (<h(P) + a r 2 ( A2 )) # 0- 

Then <fi,<f >2 are conjugate by an element of G. 

In the language of strata below (Section [6]), the hypotheses say that the pure skew 
strata [A®, 77 + 1 , 77 , 4>i(Pf\ intertwine. We will need the following lemma, where we recall 
that h 7 denotes the twist of h by a (skew-)symmetric element 7 (see Definition 14. 5 j) 

Lemma 5.3. Let A be a self-dual lattice sequence and let aq, <22 be two non-zero symmetric 
or skew-symmetric elements of the normalizer of A such that a\af 1 e U S (A), for some s > 

0. Then there is an F-linear isometry from (V,h ai ) to (V, h 02 ) in U S (A). 

Proof. We apply Proposition 13.11 for / = idy to see that the spaces (V,h ai ) and ( V,h a2 ) 
are isometric. Now we apply Corollary 13.21 with / = idy again, to finish the proof. □ 

Proof of Theorem 1 5. 41 By Corollary 15.11 we only need to treat the case that F — F 0 
and e = —1. By hypothesis, there are elements g e G and <7 e (f>i(f3) + a rii _(A®) such 
that gc\g~ l = c 2 . Thus, by Lemma 15751 we have isometries 

= h Cl = h c 2 = h^^pp 

where the middle isomorphism is given by g. Let / be an isomorphism from hppg) to h^my 
Since h^yy) are orthogonal forms, Corollary EH] applied to the embeddings x *-*■ f<f>i(x)f~ l 
and <p 2 implies that there is an isomorphism from to which conjugates (j>i to 0 2 - 

But any such isomorphism is an isometry of (V, h ), as required. □ 

We will also need the following integral version of the Skolem-Noether theorem: 

Proposition 5.4 ( [Skol41 Theorem 1.2]). Letfa : ( E,p') —*• (A, a) be a p'-a-equivariant F- 
algebra embedding, for i = 1 , 2 . Suppose further that (V, h^ 1 ) is isomorphic to (V, h^ 2 ) as 
hermitian E-spaces and that there is a self-dual lattice chain A normalized by <f>i(E) x , i = 
1 , 2 . Then 4 >i, 4>2 are conjugate by an element of 17(A). 
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6 Semisimple strata 


We now turn to the notion of semisimple stratum for G. The background can be found 
in [BK93 -. !Ste02l ;Ste05j . whose notation we adopt. However, many of the results in the 
literature are only available for lattice chains, while other results on semisimple strata 
were omitted in |Ste05] (jumping directly to semisimple characters). Thus we gather 
together here various results which we will need in our work. 

A stratum is a quadruple [A, q, r, (3\ consisting of an o^-lattice sequence A, non-negative 
integers q 5= r and an element b e a_ g (A). This stratum is called strict if A is a lattice 
chain. The stratum is skew if (3 s A_ and A is self-dual, and it is called zero if /3 = 0 
and q = r. 

Two strata [A, q, r, j3\ and [A', q' , r', /3'] are equivalent if (3 + a_ r _j = /?' + afor all 
non-negative integers j. They intertwine under a subgroup H of G if there is an element 
g of H such that g((3 + a- r )g l intersects /3' + a'_ r ,. We denote the set of such elements 
by Ih([ A, q, r, j3\, [A', q', r', /?']). If both strata are equal we skip the second argument and 
if H is G we skip H in the notation. The two strata are conjugate under H if there is 
a g e H such that [g A, q , r, gj3g~ l ] is equivalent to [A', q', r', /?']. 

Definition 6.1 (Simple stratum). A stratum [A ,q,r,/3\ is called 

(i) pure if F[/3] is a field such that F[(3] x c: n(A) and (/3) = — q < — r ; 

(ii) simple if either it is zero, or it is pure and the degree [W[/3] : F] is minimal among 
all equivalent pure strata. 

This is equivalent to |Ste05L Definition 1.5], or [ BK93j in the case of lattice chains (see 
Proposition 16.41 below). 

We now want to consider strata where F[f3\ is semisimple and for that we need to con¬ 
sider direct sums in V. Given a decomposition V = 0^ V 1 we write for Horri/^W, V 1 ) 
and V for the projection onto V 1 with kernel V 3 . A stratum [A ,q,r,/3\ is split by 
the decomposition if l l (3V = 0 for i A j and if it splits A, i.e. A is the direct sum of the 
lattice sequences A ! := A n V 1 . We write := r/31* and qi \= — min{^A(A)) ^ r l- We 
are now in a position to define a semisimple stratum. 

Definition 6.2 ( }Ste05l Definition 3.2]). A stratum [A ,q,r,(3] is called semisimple if 
either it is zero or ((3) = —q < —r and there is a splitting V = 0, V 1 such that 

(i) for every i the stratum [A l ,qi,r,/3i] in A 1,1 is simple, 

(ii) for all i A j the stratum [A* © A J , max{gj, qj}, r, /?* + /3j] is not equivalent to any 
simple stratum. 


A semisimple stratum is called skew-semisimple if the decomposition of V is orthogonal 
and all strata occurring in (i) are skew. 


For later, to describe the intertwining of [A, q, r, /3], we need an integer ko(/3, A) which 
characterizes the semisimplicity of a stratum. Denote by ag : A —» A the map ap(x) = 
x/3 — /3x and put n; = a) 3 1 (ai) n a 0 . If F[f3] is a field we define, as in Definition [ISte051 
1.4]: 

k 0 (/3, A) := max{— q, ma x{l e Z | n; $ b 0 + ai }}, 
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and one writes kp(/3) for ko(/3, pg), where pf} denotes the lattice sequence i pg, the 
unique cjp-lattice chain in the F-vector space E whose normalizer contains E x . We have 
that 

k 0 {/3, A) = e(A\o E )k F (/3), (6.3) 

by the remark after [SteOlal Lemma 5.6]. We now prove that Definition 16.II is equivalent 
to that in |Ste05L 1.5] 

Proposition 6.4. Given a non-negative integer s, a pure stratum [A, q, s, j3\ is simple 
if and only if —s < k 0 (/3, A). Further, writing A = 0frd(A — l), with e = e(A|op) ; we 
have ko(/3® e ,A) = ko(/3,A). 

Note that the lattice sequence A in the statement is in fact a lattice chain, with the 
same period as A. 


Proof. The second assertion follows directly from (16.3j) . and we thus only concentrate on 
the first, which is true if A is a lattice chain by [ BK931 Theorem 2.4.1]. We compare the 
two notions of simple: a stratum which is simple in the sense of Definition 16.11 is called 
degree-simple, and a stratum which is either zero or pure satisfying — s < ko(/3, A) is called 
k 0 -simple. 

If [A,q, s,/3] is fc 0 -simple then so is [A, q, s, /3® e ], by the second assertion, and thus it 
is degree-simple, because A is a lattice chain. Thus [A, q, s , ff\ is degree-simple. 


If [A, g, s,/l] is degree- but not fc 0 -simple, then [pf ,,—v E (/3), 


e(A|o B ) 


, /3\ is not k 0 - 


sirnple. But then, the latter is not degree-simple, because pf} is a lattice chain, and 
thus [A, q, s , /3] is not degree-simple, using a ( W , ^-decomposition as in [ BK991 Lemma 5.3]. 

□ 


Corollary 6.5. [@® = d(A — l),q, s, /3® e ] is simple if and only if [A, q, s, /5] is simple. 

If F[/3] is not a held we define for a semisimple stratum, as in | !Ste05L (3.6)], 
k 0 (/3, A) := — min{,s e Z | [A,g, s,/3] is not semisimple}. 

This integer is negative because [A, q,r, /3] is semisimple and r ^ 0. 

Minimal strata 

We begin now with an analysis of semisimple strata of the form [A, q, q — 1, /5]. For the 
simple case, we recall that an element (3 of an extension E\F is called minimal if it satisfies 
the following two conditions: 

(i) gcd{v E (0),e{E\F)) = 1; 

(ii) ^A E \ F )-co v eG) _|_ p E generates the extension ke\^f- 

Then, by BK9.ll 1.4.13(h),1.4.15], a pure stratum [A, q, q — 1, j3\ is simple if and only if /? 
is minimal. By a slight abuse, we call a semisimple stratum of the form [A, q, q — 1, fd\ a 
minimal semisimple stratum. 

For minimal semisimple strata, the characteristic polynomial is very important for dis¬ 
tinguishing the summands. For b an element of a finite dimensional semisimple algebra B 
over some held K , we denote the reduced characteristic polynomial of b in B\K, defined 
in jRei031 (9.20)], by Xx,b\k, and the minimal polynomial by h x ,b\k- 
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e_ q 

Definition 6.6. Let [A ,q,q — l,/3] be a stratum with v^(p) = — q and set yp := j3aw 9 , 
where g = gcd(e, < 7 ), with characteristic polynomial $(X) = Xy p ,A\F e of\X\- We define 
the characteristic polynomial of the stratum [A, q,q — l, /3] to be the reduction fp : = $ 6 
Kp[X]. It depends only on the equivalence class of the stratum. 

For a zero stratum we define yo := 0 and <fo(X) := X N , where N = dim^fV). 

Remark 6.7. If [A, q, q — 1, f3\ and [A, q,q — 1, 7] intertwine then (j)p = </> 7 . 

Proposition 6.8. If[A,q,q — 1 ,/?] is semisimple with associated splitting V = ® ieI V l , 
then we have the following: 

(i) 4>p is the product of the polynomials (f)p z . which are pairwise coprime polynomials; 

(ii) each polynomial (j)p i is a power of an irreducible polynomial; 

(iii) the F -algebra homomorphism induced by /3 >-* Yjiei Pi a bijection from F[/3] to 
the product of the Ei := F[/3i]; 

(iv) np[yp] is canonically isomorphic to Ilie/ k f\_Vp^\- 

Proof. For all indices i, we have e = e(A|<9p) = e(A*| op) and q = q: for all indices i 
with fa =£ 0. Since also (5 = 2* A with /3* e A l, \ we get 

VP = Y^Pi w±a 

i i 

and (j)p is equal to the product of the tip, . That (j)p i is primary now follows from the 
fact that [A®, q i: r, fdf\ is a simple stratum and the remaining assertions are a consequence 
of [Ste051 Remark 3.3]. □ 

It will also be useful to have another criterion by which to recognise a minimal semisim¬ 
ple stratum. Recall that a stratum [A, q, q — 1, f$\ is called fundamental if the coset (3 +a\- q 
contains no nilpotent elements; in this case, the rational number - is called the level of 
the stratum, where e = e(A| Op). We also define the level of the zero stratum [A, q, q, 0] 
to be 2 . 

e 

Proposition 6.9. A stratum [A, g, q — 1, fd\ is fundamental if and only if its characteristic 
polynomial is not a power of X. Two fundamental strata which intertwine have the same 
level. If a zero stratum intertwines a fundamental stratum, then they have different levels. 

Proof. Suppose [A ,q,q — 1,/?] has characteristic polynomial X m and put e = e(A|op); 
then the element (3 satisfies 

r e zo~ qm ai = d\— qme . 

Then, by |Bus87 . Lemma 2.1], there is a nilpotent element in f3 + so the stratum is 
not fundamental. (The proof of that Lemma is valid for lattice sequences if one allows 
block matrices with block sizes 0 x l or l x 0.) Conversely, if [A, q, q — 1, /?] is not funda¬ 
mental, then yp is congruent to a nilpotent element modulo di, and thus the characteristic 
polynomial of the stratum is a power of X. The remaining assertions now follow easily, 
because if one of them were false, then there would be a fundamental stratum whose 
characteristic polynomial is a power of X. □ 
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We now give criteria for a fundamental stratum to be simple or semisimple. We recall 
that a fundamental stratum is called non-split if the characteristic polynomial of the 
stratum is a power of an irreducible polynomial. Given a fundamental stratum [A, q,q — 
1 , 6 ] we define the following ftp-algebra 

77.([A, q, q — 1 , 6 ]) := {x e a 0 /ai | xb = bx (mod Oi_ g )}. 

The following result is stated in [BK93 . 2.4.13] for strict strata but, because the quo¬ 
tient a 0 /ai depends only on the image of A, is also valid for arbitrary lattice sequences. 

Proposition 6.10 f[ BK93l 2.4.13]). A non-split fundamental stratum [A ,q,q— 1,6] is 
equivalent to a simple stratum if and only iflZ([A, q, q -> 1, 6]) is semisimple. 

To get a similar result for semisimple strata we need, for an element 6 e a_ 9 (A) and 
an integer n, the map 

nT"ri,q,b ■ Q—nqj dl —nq * Cl— (n+l)q/ dl— (n+l)q 

induced by multiplication by 6 . 

Proposition 6.11. A fundamental stratum [A ,q,q— 1,6] is equivalent to a semisimple 
stratum if and only if 1Z([A, q,q — l,b]) is semisimple and, for all non-negative integers n, 
the kernel of m n+ i i(Jj b and the image of m nt q t b intersect trivially. 

Proof. Since the algebra 7£([A, q,q—l,b]) and the maps m n ^b depend only on the equiv¬ 
alence class of the stratum, we are free to move to an equivalent stratum at any point. 

Suppose first that 77([A, q,q — l,b]) is semisimple and, for all non-negative integers n, 
the kernel of m n+ i^b and the image of m n ^b intersect trivially. We inductively find a 
splitting. For this, assume that tfb is a product of two coprime monic factors /o and f\. 

q_ e_ 

Let <F be the characteristic polynomial of yb = w^bo, where g is the greatest common 
divisor of e = e(A|op) and q. Hensel’s Lemma implies that we can factorize <F as /o/i 
where _/) is a monic lift of /,;. By Bezout’s Lemma, there are polynomials ao,a\ e Op[X] 
such that a 0 /o + ai/i = 1. The map 1, = a^yf) fiigjb) is the projection onto the kernel 
of fi-ii and the sum ker(/ 0 ) ©ker(/i) = V splits the stratum [A, q,q— l,b\. Moreover, we 
have 1Z([A, q, q — 1, 6 ]) ~ 7£([A°, q 0 , q — 1 , 6 0 ]) © ^([A 1 , qi, q — 1 , 6 i]), by the coprimality 
of fo, fi, so that both 1Z([A\ q i} q — 1, 6 *]) are semisimple. 

Thus, by Proposition 16.101 and 16.81 we only have to show that strata equivalent to zero 
strata are the only non-fundamental strata for which the kernel of m n+ i )9j & and the image 
of m n:q: b intersect trivially. Now let us assume that [A ,q,q— 1,6] is non-fundamental. 
Then without loss of generality we can assume that 6 is nilpotent. The conditions on the 
maps imply that ■ ■om 0A (, is injective on the image of If n is big 

enough, the first product is the zero map, so the image of m 0>qt b is zero, i.e. [A, q,q — 1, 6 ] 
is equivalent to a zero stratum. 

For the converse, suppose that [A, q, q — 1, 6 ] is a semisimple stratum with associated 
splitting V = 0j e/ V\ Since the characteristic polynomials <0 are pairwise coprime, we 
have 7?.([A, q, q — 1, 6 ]) ~ 0W ^-([A*, q t ,q—l, 6 ,]) and, since each stratum [A\ q^, q—l,bi]) 
is simple, this algebra is semisimple by Proposition 16.101 (Note that the algebra is clearly 
semisimple for the zero simple stratum.) 

The maps m n>qt b preserve the decomposition A = so we may work blockwise. 

On the diagonal blocks A 1 ’ 1 , the map m nt q y b is either zero (in the case ly = 0) or bijective. 
On the non-diagonal blocks A t 'f with i ^ j, the map is bijective or zero by [ BK991 
3.7 Lemma 4], □ 
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Semisimple strata 

Now we turn to the case of general semisimple strata [A, q, r, f3]. A very important tool to 
prove properties of semisimple strata by an inductive procedure is the tame corestriction 
map, which was introduced in [IBK931 1.3.3] in the simple case. 

Definition 6.12. Let E\F be a field extension and B be the centralizer of E in A. A 
non-zero B-B-bimodule map s : A —* B is called a tame corestriction (relative to E\F) 
if, for all o/?-lattice sequences A normalized by E x , we have 

s(oj(A)) = Oj(A) n B , 

for all integers j. 

If E = Ffy] we often write s 7 for a (choice of) tame corestriction relative to E\F. 

Remark 6.13. (i) By [ BK931 1.3.4], tame corestrictions exist: if ifp and Be are addi¬ 

tive characters of F and E respectively then there is a unique map s : A —* B such 
that 

Bf °^A\F(cib) = Be °^B\E{s(a)b), a e A, beB. 

This map is a tame corestriction and every tame corestriction arises in this way. 
Moreover, tame corestrictions are unique up to multiplication by an element of Og. 

(ii) If 7 generates the extension E\F then, by [BK931 1.3.2 (i)], the kernel of s 7 is equal 
to the image of the adjoint map a 7 : A — * A. 

(iii) If E is er-invariant, we can arrange the additive characters Bf and Be in (i) to 
be cr-invariant also, and then the tame corestriction s is a-equivariant. 

Given a simple stratum [A, q,r + 1, 7 ] in A and element c e a_ r , the tame corestriction 
map allows us to define a derived stratum [A,r + l,r, s 7 (c)] in B 7 , the centralizer in A 
of 7 , and we can ask whether this derived stratum is (equivalent to) a fundamental or 
simple stratum. The following theorem is particularly useful. 

Theorem 6.14 f |BK931 Theorems 2.2.8, 2.4.1]). Let [A, q, r + l, 0\ be a stratum equivalent 
to a simple stratum [A ,q,r + 1 , 7 ]. Then [A ,q,r,/3\ is equivalent to a simple stratum if 
and only if the derived stratum [A, r + 1, r, s 7 (7 — /3)] is equivalent to a simple stratum. 

As an immediate corollary, we get the following result on semisimple strata. 

Corollary 6.15. Let [A, q, r + 1, /3] be a stratum equivalent to a simple stratum [A, q, r + 
1 , 7 ]. Assume that we have a decomposition V = 0 i V 1 into (3- and 7 - invariant F- 
subspaces. Then [A, r + l, r, s 7 ( 7 ~/5)] is equivalent to a semisimple stratum with associated 
splitting V = 0^ V 1 if and only if [A, q, r, 0] is equivalent to a semisimple stratum with 
associated splitting V = 0©*. 

Suppose now that [A,g,0,/3] is semisimple so that, for any 0 ^ r < q, the stra¬ 
tum [A ,q,r + 10] is equivalent to a semisimple stratum [A ,q,r + 1 , 7 ]. Then we can 
realize the assumption on 7 in the previous corollary (that is, we can find 7 such that the 
splitting associated to [A,g,0,/3] is preserved by 7 ) by the following theorem. 

Theorem 6.16 (| Ste051 3.4]). Let [A ,q,r,/3] be a (skew)-stratum split by V = 0 i V 1 
such that every stratum [A, q i: r, f3i\ is pure, and such that [A, q,r+ 1, 0\ is equivalent to a 
simple stratum. Then [A, q, r +1, /3] is equivalent to a (skew)-simple stratum [A, q,r + l, 7 ] 
split by the same direct sum. 
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In particular, if [A, q, r, (3\ is a semisimple stratum with splitting V = 0 i V 1 and [A, q, r+ 
1 , /?] is equivalent to a simple stratum [A, q, r + 1, 7 ] such that 7 V 1 Q V 1 for each *, then 
Corollary 16.151 implies that the derived stratum [Apr + l,r, s 7 (7 — /?)] is equivalent to a 
semisimple stratum with the same splitting V = (0 V 1 . 

Notation 6.17. For the rest of the article we use the following notation: [A, g,r,/3] 
always denotes a stratum, and B the centralizer of (3 in A. If [A, q, r, /?] is semisimple 
then V = 0 is/ V 1 is the associated splitting and we have A = 0 i . and B = 0 ie/ B l '\ 
where B 1,1 is the centralizer of L) = F[/3i\ in A v . Further, we write b/ for the intersection 
of a? with B. We use analogous notations for a second stratum [A ',q',r',/3'] but all 
with ()'. If we want to specify the centralizer of 7 in A, for an arbitrary element 7 , we 
write B 7 . 

Let [A ,q,r,/3\ be a semisimple stratum. We define a tame corestriction sp : A —» B 
for j3 by sp(a) := where s* is a tame corestriction for fa as in Definition 16.121 

If Si is defined relative to additive characters V’FjV’.e 4 as i n Remark I6.13f i). then we 
put = iJj E i otr B i,i\ E i and define an additive character of B by 

b = YjK b t e B 1 ' 1 . 

iel iel 


Writing Oa = Of 0 tr^i^p, the map sp is then a non-zero (B, S)-bimodule homomorphism 
satisfying 

il)A(ab) = i/) B (sp(a)b), a e A, beB, 


and 

= b 'i 

for all lattice sequences A' which are split by V = 0 i V 1 into a direct sum of o^-lattice 
sequences. 


Lemma 6.18. The sequence A A -0 B is exact and the kernel of sp is split by the 
decomposition A = 0 A* J . 


Proof. By definition, the kernel of sp is the direct sum of the A* J , for i A j, and of the 
kernels of Sj, for iel. The sequence is exact on the (i,i) components, by | BK03 . 1.3.2], 
and it is therefore enough to prove that for j A i the restriction of ap on is bijective 
onto A* J . It has the form ap(aij) = /3iOij — which is injective because /?* and fdj 

have no common eigenvalue, because their minimal polynomials are coprime since [A* © 
A J , rriaxjg,, qf), r, /3j + fij\ is not equivalent to a simple stratum. □ 


To describe the intertwining of a semisimple stratum [A ,q,r,/3], recall that we have 
defined the integer k 0 = k 0 (/3 , A) and the lattices n/ = a]j 1 (a;) n a 0 , for l an integer. We 
will also need the unit subgroups 1 + mj, where np = n/ + fc 0 n a E for integers l A 1- As the 
first of several intertwining results we have: 


Theorem 6.19 (see |Ste05. 4.4], ] BK931 1.5.8] for simple strata). Let [A, g, r, /3] be a 
semisimple stratum. 


(i) /([A, q,r,/3]) = (1 + m_ (fco+r) )B x (1 + m_ (fco+r) ). 


(ii) If the stratum is skew then 


^c([A,g,r,/5]) = (Gn (1 + mqt 0 + , ) ))(Gnfi x )(Gn (1 + m_ (fco+r) )). 
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The crucial ingredient for the proof is: 


Lemma 6.20 ( |Ste05[ 3.7]). For all integers s we have 
(i) c a_ (fco+s) for i A j. 

(H) s ^0 t tT_ s Pi 

In [ Ste05j . this lemma was formulated for s 7 —fco, but the case s 7 —ko is trivial. 
From this we deduce 

Lemma 6.21. Take i A j. The restriction of ap to Ais an F-linear homeomorphism 
and af 1 {a s ) 1 ^ is equal to n *’- 7 for all integers s 7 ko. 

Proof. The map ap is a linear automorphism on by Lemma 16.181 thus the image of 
an op-lattice contains an op-lattice and the restriction of ap to A is a homeomorphism. 
It follows that, for s big enough, we have that a^ 1 (a s )* J := a^(a s )nT J is contained in a l Q J 
and is therefore equal to n* J ; in particular, it is contained in cC J fco+s by Lemma l6.2UI( i). 
By periodicity we have that a^ 1 (a s )*’- 7 is contained in ay 7 fco+s for all integers s and thus n *’- 7 
is equal to hg (a s ) l,i7 for all integers s with s 7 kp. □ 

Proof of Theorem \6.19\ We follow the proof of [ BK93I 1.5.8]. For a zero stratum is noth¬ 
ing to prove, so we assume the stratum is non-zero. The main ingredients which have to 
be verified are the exact sequences of (BK931 1.4.10], which hold by Lemma 16.201 and the 
analogue of | BK931 1.4.16], which we prove now. We write d for — (r + ko) and put 

* d/ Ih+jd+fco ^ Cl t+jd (Tl (d —r ^ Qd) T (ft—r P Hd)72 T (tT t+jd—r ^ Clt+(j+l)d)), 

* L Qt+jd+k q p (yia_ r T a_ r 7 2 T ch+jd—r)j 

for integers t 7 0, j 7 1 and elements 7 i, 72 of B x . The sequence M L B is exact if 
all its restrictions on the A M are exact. For i = j the proof is done in [SteOlal (5.2)] and 
for i A j it follows from Lemma f6.20f i). [6.211 and 16.181 The same cohomology argument 
as in [Ste051 Corollary 4.14] proves (ii). □ 

A completely analogous proof using [BK93, 1.5.12] provides: 

Theorem 6.22. Let [A ,q,r,/3] and [A r ,q',r',/3] be semisimple strata in A. Then 

(i) I([A,q,r, /3], [A', q',r',(3]) = (1 + m / _ (fc , +r . /) )5 x (1 + m_ (fco+r) ). 

(ii) If both strata are skew then 

Io{[Kq,r,0], [A',q',r',/3]) = (Gn (l + m'_ (iJ+r , ) ))(GpB x )(Gp (1 + m_ (fco+r) )). 

7 Matching for intertwining strata 

In this chapter we show that, if we have semisimple strata which intertwine, then there 
is a canonical bijection between their associated splittings. This will then allow us to 
deduce a Skolem-Noether theorem for skew-semisimple strata which intertwine. 
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7.1 For general linear groups 

We fix a pair of semisimple strata [A ,q,r,/3] and [A ', q', r', fi'] } with splittings © ie/ W 
and © . gJ , V’i respectively. The main result of this subsection is: 

Proposition 7.1. Suppose that [A, q, r, /3\ intertwines [A', q', r, /3'] and that A, A' have the 
same period. Then 

(i) If one stratum is zero and q = q' then the other stratum is zero. 

(ii) If both strata are non-zero then q = q' and there is a unique bijection £ : / —» I' 
such that [A*©A /( »W , max{gj, g©}, r, Si + is equivalent to a simple stratum, for 
all indices i e /. Moreover, V 1 and H'd*) have the same F-dimension. 

Note that, in case (i), both splittings are trivial so we trivially have a (unique) bijec¬ 
tion C as in (ii). We call the bijection f a matching of [A', q', r, /?'] and [A, q, r, (3\. 

Remark 7.2. If A, A' do not have the same period then we can scale them so that they 
do. In particular, we only require the intertwining hypothesis in Proposition 17.11 in order 
to get a matching f. 

To prove Proposition 17.11 land, later, other results on semisimple strata), we introduce 
the notion of a defining sequence for a semisimple stratum, which allows us to prove 
properties of semisimple strata by an inductive process (cf. |BK93j for the simple case). 

• A defining sequence for a minimal semisimple stratum is the stratum itself. 

• Let [A, q,r,/3] be a (skew)-semisimple stratum with r < q — 1 and associated split¬ 
ting V = © igJ V 1 . Then there are a partition I = [JIj and an element 7 6 EL Ai,i 
such that [A, q, r + 1, 7 ] is a (skew)-semisimple stratum equivalent to [A, q, r + 1, /?] 
with associated splitting V = © ■ V Ij (see Theorem Ib.lfip . A defining sequence 
for [A, q, r, /3] is the stratum itself together with a defining sequence for [A, q, r+1, 7 ]. 
We call [A ,q,r + 1 , 7 ] the first element in the chosen defining sequence. 

Note that there is a significant degree of choice in producing a defining sequence for a 
semisimple stratum. 

Suppose now we want to prove a statement P( A, A') for all pairs of semisimple 
strata A, A'. The inductive procedure, which we call strata induction , to prove P is 
given by the following steps. 

• The base case: Here one proves P for all minimal semisimple strata. 

• The induction step: 

(i) The step r + 1 to r: From the induction hypothesis and possibly an auxiliary 
statement (SI) we restrict to the case where the first elements Ad) and A'd) 
of defining sequences of A and A' have the same element 7 , and hence the 
same associated splitting. 

(ii) Taking a second auxiliary statement (S2), we show that the derived strata s 7 (A) 
and s 7 (A') satisfy the assumptions of P. In this article, (S2) will always be the 
description of the intertwining of Ad) with A'd) (see Proposition 17.31 belowh 

(iii) The base case shows P(s 7 (A), s 7 (A')) and, together with a third auxiliary 
statement (S3), provides P( A, A'). For (S3) we will use Theorem 16.141 
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Strata induction can be restricted to simple strata by substituting the word semisim¬ 
ple by simple. 

In the following, we use the notation for tame corestrictions as in the previous section. 

Proposition 7.3. Let [A ,q,r,/3] and [A', q', r', /3] be semisimple strata with splitting V = 
0 ie/ V 1 . Suppose we are given elements a e a_ r and a ' e a'_ r , such that there is an 
element g of G which intertwines [A ,q,r — l,/3 + a] with [A ',q',r' — 1 ,/3 + a']. Using 
Theorem\ 1 6.22 1 write g = (1 + u')b(l + v), with b e B x . Then the component b 1 ’ 1 inter¬ 
twines [A, r, r — 1, Sj(a v )] with [A', r', r' — 1, Si(a' v )], for all is I. 

Proof. Again we only have to consider a non-zero element j3. This is essentially the 
calculation in [ BK93] 2.6.1] which we want to recall, to show that its validity for different 
semisimple strata. Note that the hypotheses imply that g certainly intertwines [A, q, r, ff\ 
and [A ',q',r',/3] so that, by Theorem 16.221 we can write g = (1 + u')b( 1 + v), with u! e 
m'^ k , o+r ,y be B x and v e m_( fco+r ). 

Let (1 + w') be the inverse of (1 + u'). By the intertwining property of g, we have 

g(/3 + a) = (P + a’)g (mod ga i_ r + a\_ r ,g). 

Multiplying by (1 + w') on the left and (1 + u) -1 on the right we obtain 

b( 1 + v)(j3 + a)(l + v)- 1 m (1 + w')(/3 + a')(l + w')~ 1 b (mod ba i_ r + a[_ r ,b). (7.4) 

We firstly consider the right hand side. 

(1 + w')(/3 + a') = f3 — ap(w') + a' + w'a 1 + /3w' 

= {P — a,p(w') + a')(l + w') + w'a — a'w 1 + ap(w')w' 

= (/5 — ap(w') + a')(l + w') (mod a^^), 

because a' e a'_ r ,, w' e a] and ap(w') e A similar calculation for the left hand side 
and equation (17.411 leads to 

b(j3 — ap(v ) + a) = (/3 — ap(w') + a')b (mod ba i_ r + a[_ r ,b). (7.5) 

We apply sp to get 

bsp(a) = sp(a')b (mod bb i_ r + b'^^b) 

and thus intertwines the derived strata [A, r, r — 1, Sj(a M )] and [A', r', r’ — 1, Sj(a' v )], 
for all i e I. □ 

Proposition 7.6 (cf. [ BK931 2.2.1]). Suppose that [A ,q,r,/3\ and [A \q',r',/3\ are simple 
and that there are a e a_ r and a' e a'_ r , such that sp(a) m sp(a') (mod b±- r -1- b]^;). 
Then, there are elements w' e and v e m_(fc 0+r ) such that 

(1 -1- w')(/3 + a')(l + w/)” 1 = (1 + v)(/3 + a)(l + u) -1 (mod ai_ r + a 1 i_ r /). 

Moreover, if the strata and the elements a and a’ are skew and the strata intertwine in G, 
then we can choose 1 + v and 1 + w' in G. 

Before the proof let us recall that the Cayley transform of an element v of (cq)_ is the 
element (l + |) (l — |) \ It is an element of 17 1 (A) a G. 
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Proof. Let /3 be non-zero and write C for the kernel of sp. Without loss of generality we 
can assume that sp(a) and sp(a') are equal, since the map sp : ai_ r —» bi_ r is surjective. 
The map 

rrm r _fc 0 + -^Cn (a_ r + a_ r ,) 

is surjective because C n (a_ r + a'_ r ,) is equal to (C n a_ r ) + (Cn a'_ r ,) by 1BK93 . 1.3.17] 
and a^' 1 (a_ r ) is a subset of B + m_ T ._fc 0 by Lemma l6.20f ii). Thus, we can find w' e 
and v e m_ r _fc 0 to satisfy (17.51) for b = 1. We now follow the calculation in the proof 
of Proposition 17.31 backwards to show the desired congruence. In the skew situation we 
can find skew-symmetric elements, say v and w', which satisfy (17.51) and we define 1 + v 
and 1 + w' to be the Cayley transforms of v and w' respectively. □ 

We need one final lemma before we can prove Proposition 17.11 which will play the role 
of (SI). 

Lemma 7.7. Let [A ,q,r,f3] and [A ',q,r,/3'] be semisimple strata for which there is a 
(unique) bijection ( : I —» /' such that [A* © A'^W, maxjgj, q'^}, r, is equivalent 

to a simple stratum, for all indices i e I, and dim F V 1 = dimpW^. Then there are an 
element g of G and an element 7 e f]j T ’ 1 such that V 1 = gV'^ l > , for all indices i e I , 
and: 


• [gA', q,r, g/3'g^ 1 ] is equivalent to [gA\ q, r, 7 ]/ 

• [A ,q,r,/3] is equivalent to [A, q,r, 7 ]; and 

• [gA', q, r, 7 ] and [A, q , r, 7 ] are semisimple strata with the same associated split¬ 
ting V = ® ieI V\ 

Proof. Applying Theorem 16.161 to the strata [A* © A'^W, max{gj, q^)}, r, fa + for 

each i, we find an equivalent simple stratum [A* © A'A© max{gj, q^i)}, r, 7 * + 7 ^]; bi 
particular, 7 \ and 7 ^ have the same irreducible minimal polynomial, and the same char¬ 
acteristic polynomial since dirrip V 1 = dinip 

Further, for i ¥= j in /, the stratum [A* © A J ,max{ q t , q 3 },r, 7 ,; + 7 -f\ is equivalent 
to [A* © A- 7 , max{gj, q,}, r, fa + /3j], which is not equivalent to a simple stratum, so that 
the stratum [A, q, r, 7 ] is semisimple, where 7 = J] ieI 7 *. The same applies to [A', q, r, 7 '], 
where 7 ' = Sie/7£*■ Finally, since 7 , and 7 ^ have the same characteristic polynomial, 
we can hnd g £ G such that V 1 = gV'^T and < 77 ' g~ 1 = 7 , and the result follows. □ 

Proof of Proposition \ 1. 1\ (i) and the equality q = q' in (ii) follow from the results on level 
in Proposition 16.91 The existence of ( in (ii) is proved by strata induction, where we take 
Lemma 17171 for (SI), Proposition 17.31 for (S2), and Theorem 16.141 for (S3). The base case 
follows because the characteristic polynomials are equal, so we match the primary factors 
using I Ste05. 3.3(h)]. The equality of dimensions follows from the fact that the degree of 
the All primary factor is the dimension of V 1 . 

For the inductive step, suppose that A = [A, q, r, /3] and A' = [A', q, r, /?'] are semisim¬ 
ple strata as in the proposition which intertwine. Then the stratum [A, q,r + 1, j3\ is equiv¬ 
alent to a semisimple stratum A 7 = [A, q, r + 1, 7 ] whose splitting is a coarsening of that 
of A, by Theorem 16.161 similarly we have a semisimple stratum A 1 = [A', q, r + l, 7 ']. Since 
the strata A 7 , A( intertwine, we may apply the inductive hypothesis to them. In partic¬ 
ular, they satisfy the hypotheses of Lemma 17.71 and, replacing A' by its conjugate g A', 
we may assume 7 ' = 7 . 
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Now we apply (S2) - Proposition 17.31 - to the strata A 7 and A' y , with a = P ~ 7 
and a' = /3 1 — 7 . The conclusion is that the derived strata intertwine so that the base 
case gives us a bijection between the index sets (: I —> I' such that, for each i e 
/, the stratum [A* © A'^ l \r + l,r, s 7i (/?j — 7 f) + s 7c{i) (/^^ — 7th))] equivalent to a 
simple stratum. (Here 7 \ = P 7 P, where 1* is the idempotent corresponding to V 1 , and 
similarly 7 ^ = l / CW/y]_ / CW j corresponding to V 7 ^; note also that 7 j and 7 ^) have the 
same characteristic polynomial so that we can view both V 1 and V 1 ^ 1 ) an <4 F[ 7 ,]-vector 
spaces.) But then [A l ©A / ^,max{q'j,q r ^},r, $ + /3^] is equivalent to a simple stratum, 
by (S3) - Theorem 16.141 

The existence of £ implies, in particular, that both strata have the same number of 
blocks, i.e. the sets / and V have the same cardinality. Finally, we prove the uniqueness 
of (. Assume, for contradiction, that there are two distinct indices i, j e / and an 
index il e /' such that [A*©A , ® , ) 111 ax{^, q [,}, r, f3 t + f3',] and [A■ 7 ©A ,^, , maxj^, 7 ',}, r, /d,+/3',] 
are both equivalent to simple strata. From this (and the equality of periods) it follows 
that the integers qj and q[, are all equal; we denote this integer by q. 

By the proof of the existence, the spaces V 1 and V 1 have the same dimension, and 
thus, by conjugating, we can assume that they are the equal. Then, by Theorem 16.161 the 
strata [A*, q, r, f3f\ and [A n , q, r, /%/] intertwine. Then the stratum [A* © A- 7 , q, r, /3, + /3j\ 
intertwines with [A /J © A- 7 , q, r, /%/ + f3j] and the latter is equivalent to a simple stratum. 
Thus the semisimple stratum [A* © A - 7 , q, r, [3 t + /3j\, which has two blocks, is intertwined 
with a simple stratum, which has only one block. This is a contradiction since the existence 
shows that semisimple strata which intertwine have the same number of blocks. □ 

As a useful consequence, we see that, given two semisimple strata which intertwine, 
we can find equivalent semisimple strata with elements which are conjugate. 

Corollary 7.8. Suppose that the semisimple strata [A ,q,r,/3] and [A',q,r, j3'] intertwine 
and that A, A' have the same period, and let Q : / —> I' be the matching between their index 
sets. Then there are semisimple strata [A ,q,r, $] and [A ',q,r, /3'], equivalent to, and with 
the same associated splitting as, [A, q, r, j3\ and [A', q, r, /T] respectively, such that has 

the same characteristic polynomial as (3i, for all indices is I. 

Proof. This follows immediately from Lemma 17.71 (whose hypotheses are satisfied, thanks 
to Proposition 17.II) by putting, in the notation of the Lemma, /3 = 7 and f}' = g~ lr yg. □ 

If [A, q, r , ff\ and [A', q' , r', /?'] are strata in spaces V and V' respectively, then we put 

/([At 9, T, PI [A<7 q, r,/3'])) = {g \V^V'\g(/3+ o_.)g-‘ n (/S' + a'_ r , ¥• 0} . 

This generalises the notion of intertwining and we say that any element of this set inter¬ 
twines [A ,q,r,/3] with [A ',q', r', j3']. 

Corollary 7.9. Suppose that the semisimple strata [A ,q,r,/3] and [A ',q,r,/3'] intertwine 
and that A, A' have the same period, and let £ : / —> I’ be the matching between their 
index sets. Then the intertwining set /([A, q , r, /?], [A', q , r, /L]) is equal to 

(1 + my +ts) )(n /([A'. 9, r, 0], [A c(i) , 9, r, /?']))(1 T tn_(r+fco)) • 

i 

Proof. By Corollary 17.81 we may replace the strata with equivalent strata such that there 
is g e G such that f3' = g~ x ^g. The result now follows by applying Theorem 16.221 to the 
strata [A, q , r, /?] and \gA', q , r, /?]. □ 
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7.2 For classical groups 

We continue with the notation from the previous section but assume now that all our 
strata are skew. We will prove the following strengthening of Proposition 17.11 in this case. 

Proposition 7.10. Suppose that [A,q,r,/3] and [A ',q,r,/3'] are two skew-semisimple 
strata which intertwine in G and let f : I —» /' be the matching given by Proposition | 7. /[ 
Then: 

(i) (V\ h\ V i) ^ (W cw , h\ v ,ca)), for all i e I; 

(ii) the intertwining set /g([A, q, r, /3], [A', q, r, /?']) is equal to 

(G n (1 + ))(c-n I*)(Gn (l + m_ (r+fco) )), 


where = /([A*, q, r, /3], [A'^W, q, r, /3'])). 

Remark 7.11. Part (ii) of Proposition mUl part (i) because if (i) is true then, by conju¬ 
gating, we can assume that V 1 = V'^ l \ for all i e I. Then (ii) follows from Corollary 17.91 
and a simple cohomology argument as in jSte05 . Corollary 4.14], 

As an immediate consequence of Proposition 17.101 and the simple Skolem-Noether 
Theorem 15.21 we get a Skolem-Noether Theorem for semisimple strata. 

Theorem 7.12. Let [A ,q,r,f3] and [A ',q,r,/3'] be two skew-semisimple strata which in¬ 
tertwine in G, and suppose that j3 and /3' have the same characteristic polynomial. Then 
there is an element g e G such that gfdg^ 1 is equal to /3’. 

For the proof of Proposition 17.101 we need the following idempotent lifting lemma. 


Lemma 7.13. Let (£ r ) r ^o be a decreasing sequence of op-lattices in A such that t r £ s c: 
t r+s , for all r,s 5 = 0, and fj r>1 K = {0}. Suppose there is an element a of which 
satisfies a 2 — a e Z r . Then there is an idempotent aet 0 su °h that a — a e t r . Moreover, 
if a (a) = a then we can choose a such that a(a) = a. 

Proof. We define e\ := a , and put e 2 := 3e^ — 2e^ e t 0 . A straightforward calculation 
shows that 

e 2 2 - e 2 = 4(e^ - ei ) 3 - 3(e 2 - ei ) 2 e t 2r . 

Continuing this process, we construct a sequence (e n ) n ^i in fi 0 which satisfies 

(i) e n m d (mod l 2 i r ) and 

(ii) e n = el (mod t 2 n r ), 

for all positive integers i < n. This sequence has a limit a in bo which is, by construction, 
an idempotent congruent to a modulo l r . Moreover, by construction the sequence (e n ) is 
symmetric if a is, in which case the limit a is also symmetric. □ 

We also need the classical group analogue of Lemma 17.71 


Lemma 7.14. Let [A ,q,r,/3] and [A ',q,r,/3'] be skew-semisimple strata which intertwine 
in G and let £ : / —> I' be the matching given by Proposition 7.1 
that (V\h\ V i) = (V'^W, h\ v ,ai)), for all i e I 

skew element 76 []; A 1,1 such that V 1 = gV'^ l \ for all indices i e I, and: 


Suppose moreover 
Then there are an element g e G and a 
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• [(/A', q, r, g/ 3 'g^ 1 ] is equivalent to [gAf q, r, 7]/ 

• [A ,q,r,/ 3 ] is equivalent to [A, q,r, 7]; and 

• [(/A', q , r, 7] and [A, q , r, 7] are skew-semisimple strata with the same associated 
splitting V = 0 - g/ V\ 

Proof. The proof is the same as that of Lemma 17.71 We only need to note that, once 
we have found 7j and 7^ with the same irreducible minimal polynomial then there is 
an element g e G such that 1/* = gV'^ l \ since (V\h\ V i) ^ (R' cw , hjy/cw), and then 
the elements g'f^g -1 and 7 \ are conjugate in Gi = G n A 1,1 by Remark 17.111 and 
Theorem 15.21 □ 


Proof of Proposition VTTIk It is sufficient to prove (i) by Remark 17.111 We prove (i) by 
strata induction, giving first the inductive step. Suppose that A = [A ,q,r,/3] and A 7 = 
[A 7 , q, r, /?'] are skew-semisimple strata as in the proposition which intertwine in G. Then 
the stratum [A, q, r + 1, ff\ is equivalent to a skew-semisimple stratum A 7 = [A, q, r + 1, 7 ] 
whose splitting is a coarsening of that of A, by Theorem 16.161 similarly we have a skew- 
semisimple stratum A(, = [A fq,r + 1 , 7 '] . Since the strata A 7 , A(, intertwine, we may 
apply Lemma \7 .141 and, replacing A 7 by its conjugate g A 7 , we may assume 7 ' = 7 . 

Now, if h e G intertwines the strata A 7 and A^ then Theorem 16.221 allows us to 
write h = xby, with be B nG (and x,y in certain compact subgroups). Then Proposi¬ 
tion [7731 applied as in the proof of Proposition 17. 11 implies that the derived strata [A, r + 
1, r, s 7 (/3 — 7 )] and [A 7 , r + 1, r, s 7 (/? 7 — 7 )] intertwine. On the other hand, these derived 
strata are equivalent to skew-semisimple strata so the base step (below) now implies that 

the bijection £ : / —» /' has the property that ( [V l ,hf i ) = (]/<(*), fo^ w ), where </>, : 

F[ 7 i] —> A 1,1 is the embedding given by the splitting, and hf l is such that hi = A* o hf ‘ 
and hi = h\ V i. But then we also have {V\ hf) = (R^W, ^ ), as required. 

ft remains to show the base case r = q — 1. The lattice sequences have the same level, 
and so the same period, by Proposition 16.91 Since they intertwine, the strata have the 
same characteristic polynomial. If two minimal strata with the same level intertwine and 
one of them is zero, then the other is zero, by Proposition 16.91 and both have the trivial 
associated splitting. Thus we need only consider non-zero semisimple strata. 

Replacing [A 7 , q,q — 1, /3 7 ] be a conjugate if necessary, we may assume that the strata 
are intertwined by 1 so that 


(P + ffi-g) n {&' + a i- q ) A 0. 
Thus there is are elements a e cq and a' e aj such that 


z := yp + a = y p , + a'. 

By the bijectivity of £ we can assume that 1 = 1' and £ is the identity. Let ie I. 

We show that there is an idempotent e such that e = l l (mod cq) and e = l 7 * (mod a(): 
There is a polynomial Q e of\_X\ such that Q(yp) = 1* (mod cq). Moreover, by replac¬ 
ing Q(X) by i((5(W) + a(Q)(±X)), we can choose Q such that, for all j, the coefficient 
of X 7 is symmetric (resp. skew-symmetric) if and only if y^ is symmetric (resp. skew- 
symmetric). We have a canonical isomorphism from n\yp\ to n[yp'] (mapping yp to yg>) 
so Q(yp>) is congruent to some idempotent modulo a 7 1; and indeed Q(yp>) = V (mod a 7 ,) 
since the matching £ is given by matching minimal polynomials. By Proposition 17.131 
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applied with bo = ao and t r = a r n a'., there is a symmetric idempotent e e Oo n a' 0 
congruent to Q(z) modulo both radicals. 

The idempotent e gives a new splitting V = V 1 © ( V l ) L for both lattice sequences. 
Finally, we show that V 1 and V 1 are isomorphic signed hermitian spaces. We define the 
map ip : V 1 —> V 1 to be the restriction of e to V 1 . We first show that the map is injective. 
If v is a non-zero element of its kernel, then there is an integer l such that v e Aj\Aj +1 . 
But then 

0 ^ v = Vv = ev = 0 (mod A| +1 ), 

where the third congruence uses that e = V (mod cp). Similarly, the restriction of 1* to V 1 
is injective and these maps induce pairwise inverse ^-isomorphisms between K\/A\ +l 
and A\/A\ +l where A] is the intersection of A i with V 1 . Thus -0(A*) is equal to Ah 
We now compare the hermitian structures. For v e A\ and w e (Aj +1 )# we have 

h(v, w ) = h(v, V-w) = h(v, ew) = h(v, e 2 w) = h(ev, ew) = h(ip(v), ip(w)) 

By Proposition 13.11 there is an F-linear isometry 

$ : (V\h\ v A (V\h\y t ) 


such that 

• -0(A*) = A* and 

• 'ip and ip induce the same isomorphism on Aj/Aj +1 , for all integers l. 

Thus, V 1 , V z , and similarly V'\ are isomorphic signed hermitian spaces. □ 

7.3 Matching for equivalent strata 

We need to understand the matching between two equivalent strata, and for that reason 
we have the following three results. 

Lemma 7.15. Let [A, q, m, j3\ be a semisimple sratum and assume that e is an idempotent 
in suc h that every non-zero element x of satisfies u,\(ex — xe ) > u\(a). 

Then e is a central idempotent °fUi A 1,1 , i.e. commutes with all elements °fUi Ai,i - 

Proof. Let x be an element of f([j A 1 ’ 1 and put x' = a e (x) = ex — xe. Then ex'e = 0 and 
one checks that a e (a e (x')) = a e {x'). The condition on e now implies that a e (x') = 0 is 
zero and thus ex' = ea e {x') = 0 = a e (x')e = x'e. This implies that ex = exe = xe and, 
since x was arbitrary, e is central. □ 

Lemma 7.16. Let [A,g,m,/3] and [A ,q,m,(3 r \ be two semisimple strata, such that 


a\ Bg/a\ = aiBpai 

then there are a bijection r : / —> /' and an element g of f/ 1 (a) such that 

(i) 1* = l r W (mod Oi), and 

(ii) gVg- 1 = 1 T « 
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for all indices is I. Moreover, the bijection r satisfies 

dim KF (A}/A* +1 ) = dim KF (A' TW /A' r + ! L ) ), for all is I, j s Z. 

Proof. By the equality of the two sets and Lemmas 17.131 and 17.151 every primitive central 
idempotent of Bp has to be congruent modulo Oi(A) to a sum of primitive central idempo- 
tents of Bpi, and vice versa. The first part follows from this. For the second part, take the 
map g which sends v s V to Y^Yv. Finally, the map v i—*• Vv induces, for each j s Z, 
a linear map —> A*/A* + 1 whose inverse is induced by v •—* Y^v. □ 

Lemma 7.17. Let [A ,q,m,/3] and [A ,q,m,/3 r ] be equivalent semisimple strata. Then 
there is an element g of 1 + m_(*; 0+m )(/3, A) such that [A ,q,m,/3] and [A, q, m, gfi'g~ x ] 
have the same associated splitting. 

Proof. Note that we may replace [A ,q,m,/3] by an equivalent stratum with the same 
splitting (and likewise for [A ,q,m,/3']). Thus, by applying Corollary 17.81 we may assume 
that fi and ft' have the same characteristic polynomial and thus there is an element x 
of G such that xfix -1 = j3'. Note that this implies that xV l = f/kW_ 

Since the strata intertwine, Proposition 17.11 gives us a matching £ : / —> P such that 
the minimal polynomials satisfy pp t = p,p> and dim F V 1 = dirrip V^ l \ for each i s I. 
We can also compare the intertwining sets of the strata (which are equal) and then 
Lemma 17.161 gives us a map r : I —* P such that 1* = Y W (mod ai), for all i s I. 
Since the identity intertwines the two strata, Corollary 17.91 implies that we can write the 
identity as uyv , with u,v s f/ 1 (A) and y = YlieiVi suc h that ViV 1 = V'^ l \ Moreover, we 
have y = « -1 u -1 s U 1 { A) so that y,;A ? = A'^h). Thus 

V = yPy~ x = l^h) (mod cp). 

In particular, we get Y^ = 1^*) (mod di) so that ( = t, and then Lemma 17.161 also 
implies that £ satisfies the extra condition 

dim KF (A}/A} +1 ) = dim KF (A' CW /A' c _J\ ) ), for all is I, j s Z. 

Now A* and x -1 A'A*) are op -lattice sequences in V 1 with successive quotients of the 
same dimensions so there is an element z, : of Bp. such that ZjA 1 — x^ 1 A"’h). In particular, 

writing z = Y\iei z the element xz conjugates f3 to j3' and lies in U( A). 

Finally, since the strata [A, q, m, j$\ and [A, q, m, /5'] be equivalent, the element xz also 
lies in n_ m (/5, A) n 17(A) which, by Lemma 16.201 is (1 + m_(fc 0 +m)(/3, A))bg . Hence we can 
write xz = gb , with b s bg and g s 1 + m_(fc 0 + m )(/3, A). □ 

8 Intertwining and conjugacy for semisimple strata 

In the case of simple strata on a fixed lattice chain , intertwining implies conjugacy 
(see [ BK931 2.6.1]). The same result is true for arbitrary lattice sequences and, as we 
prove here, for simple skew strata (that is, G-intertwining implies G-conjugacy). How¬ 
ever, the analogous result is no longer true for semisimple strata. As well giving some 
examples to illustrate this, we give a useful sufficient additional condition to guarantee 
that the strata are indeed conjugate. 
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8.1 For general linear groups 


Theorem 8.1 (cf. [BK93 . 2.6.1]). Suppose [A ,q,r,f3] and [A ,q,r,/3'\ are simple strata 
which intertwine. Then, they are conjugate by an element of U(A). 

Proof. By Corollary 17.81 we can assume that f3 and /?' have the same characteristic poly¬ 
nomial. By [ BH96I Lemma 1.6], there is an element of U(A) which conjugates fd to /3'. □ 

In contrast to simple strata we cannot achieve intertwining implies conjugacy for 
semisimple strata. 

Example 8.2. Let V be a 4-dimensional vector space over F with basis v\,... , u 4 and 
let A be the lattice chain of period 2 such that 


A 0 = Vi of + v 2 of + v 3 of + w 4 of, 

Then, with respect to the basis, ao(A) is 


Ai = v\ of + V 2 of + v 3 of + u 4 p f- 


/ Op 

Of 

of 

Oi ?^ 

of 

of 

of 

of 

of 

of 

of 

of 

\PF 

Pf 

Pf 

of J 


The two elements: 

b := diag(ci7 _1 , 


„-i „-i 

ZU , ZZ7 


,—w ), b’ := diag(— w ,—w 


,-i 


w 


-i 


w 


-1 


) 


give two semisimple strata [A, 2,1, b] and [A, 2,1, b'] which intertwine but are not conju¬ 
gate over Autir(F). Indeed, suppose for contradiction that the strata are conjugate under 
an element of G\ then this element has to be an element of the normalizer of A and thus 
by Lemma 17.171 we can assume after conjugation that the associated splittings, which are 
the same for both strata, are conjugated to each other. Note that this splitting is given 
by V 1 = V\F + v 2 F and V 2 = v 3 F + v^F. The minimal polynomials of the strata force 
that the matching has to be given by exchanging the two blocks V 1 and V 2 . But this 
is not possible, because the image of A 1 = A n V 1 contains only one homothety class of 
lattices, while the image of A 2 = A n V 2 contains two. 

Thus we impose an extra condition in the following Theorem. 

Theorem 8.3. Suppose that [A, q, r, /3] and [A, q, r, /?'] are two non-zero semisimple strata 
which intertwine and let £ be the matching between their index sets. Suppose moreover 
that 

dim KF (A*/A} +1 ) = dim Ki? (A' CW /A' C + 1 ) ), for all is I, j s Z. (8.4) 

Then the strata are conjugate by an element of U (A). 

Proof. Fix an index i of /. By Proposition 17.11 and Corollary 17.91 there is an F-linear 
isomorphism gt : V 1 —* such that [giA l ,q,r, intertwines [A'^W, q, r, j3'^]. 

Now condition (18.41) implies that the lattice sequences g,;A* and A"»W are conjugate so, 
modifying g t if necessary, we may assume y,A* = Afor each j s Z. Now we can apply 
Theorem 18.II so that, replacing g* by a translate by an element of U (A'^®)), we can assume 
that [giA\ q, r, gi^gf 1 ] is equivalent to [A'^W, q, r, /3'^W]. Then 


7 -J) ) A ? - (£) giAj - © A 


'CW 


— Aj. 


. iel 


iel 


iel 


so that Yiiei e F(A) conjugates the hrst to the second stratum. 


□ 


















8.2 For classical groups 

We give here the similar “intertwining implies conjugacy” statements for skew-semisimple 
strata, beginning with the simple case. 

Theorem 8.5. Suppose [A ,q,r,/3] and [A ,q,r,/3'] are two skew-simple strata which in¬ 
tertwine in G. Then they are conjugate over U( A). 

Proof. The proof is the mutatis mutandis that of Theorem 18.11 we apply Corollary 17.81 
then Theorem 15.21 and then Proposition 15.41 □ 

As in the non-skew case, this is no longer true if one replaces simple by semisimple. 

Example 8.6. Consider a ramified quadratic field extension F\F 0 and a skew-hermitian 
form on V = F 4 whose Gram matrix (h tJ ) with respect to the standard basis is the 
anti-diagonal matrix with entries 

hn = /132 = —1 = ^23 = —^14, 

and write G for the isometry group of this form. Let w be a skew-symmetric uniformizer 
of F and let z be a non-square in F 0 . Let A be the self-dual lattice chain corresponding 
to the hereditary order 


( Op 

P F 

P F 

pi=A 

Op 

Op 

PF 

PF 

Op 

Op 

Op 

PF 

\Of 

Op 

Op 

of) 


We define the skew-symmetric elements: 

b := diag(t/7 -1 2, , ro -1 , zzz 7 -1 ), b' := diag(tt7 _1 , m~ x z, w~ x z , w~ x ). 

The minimal skew-semisimple strata [A, 4, 3, b] and [A, 4, 3, b'] intertwine over G because b 
is conjugate to b' under U(/i), but the strata are not conjugate under G because they are 
not conjugate under U( A). 

As an immediate consequence of Proposition [7T0] and Theorem 18.51 (as in the non-skew 
case above) we have: 

Theorem 8.7. Suppose that [A ,q,r,/3] and [A ,q,r,/3'] are two non-zero skew-semisimple 
strata which intertwine in G, with matching such that (18.4|) holds. Then the strata are 
conjugate by an element of U (A). 

9 Semisimple characters 

Associated to the semisimple strata studied in the previous sections, we have sets of 
characters of certain compact open subgroups, which are call semisimple characters. The 
purpose of this section is both briefly to recall their definitions and properties (from [BK93] 
and (Ste05j i and to ensure that all the results we need are available for arbitrary lattice 
sequences. 
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9.1 Semisimple characters for G 

For fix a semisimple stratum [A, g, 0,/3]. Define r := —ko(j3, A) and let [A,q,r, 7 ] be a 
semisimple stratum equivalent to [A, q, r, (3\ such that 7 commutes with the projections 1* 
of the associated splitting of j3. If [A, q, r, /?] is minimal then we take 7 to be zero. 


9.1.1 The rings of a semisimple stratum (cf. fBK93 . 3.1]) 

We start with the orders l](/3, A) <= )(/3,A) dehned inductively by 

• fj(£, A) = bp# + ( 1 ( 7 , A) n a^j +1 , 

• j(/3, A) = bpjo + 1 ( 7 , A) n o^r±ij, 

with fj(0, A) = j(0, A) = o 0 . We define now the groups 


H 


m+1 


■m+1 


m +1 , 


(P, A) := f)(/3, A) n U (A), J m+1 (f3,A) := j(/5, A) n U (A), 


for m 5 = — 1, and write H and J instead of H° and J°. 

We now begin the proofs of the statements in [ BK931 section 3.1] for semisimple strata. 
(Note that some of these are already in |Ste05j .) 

Proposition 9.1 (cf. [ BK93 . (3.1.9)]). (i) For all the lattice f)l- 5 J(/3,A) is 

a bimodule over the ring n_*(/5, A). 

(ii) If r < n, we have f) fc (/3, A) is equal h fc ( 7 , A) for k ^ + 1 . 

( 111 ) For 0, l] fc (/3, A) is a bp-bimodule. 

(iv) f)(/3,A) is a ring and in particular an o F -order in A and f) fc (/3,A) is a two-sided 
ideal o/f)(/3,A), for all non-negative integers k. 

(v) Let t ^ r — 1 and let [A,q,t,/3'] be a semisimple stratum equivalent to [A ,q,t,f3]. 
Then f) fc (/3, A) is equal to f) fc (/?', A), for all non-negative integers k > t — 

Proof. In IBK93 . (3.1.9)] the statement is proven for strict simple strata. In the case of a 
non-strict simple stratum [A ,q,m,/3], the stratum 


e(A)-l 

[ © (A-i),9.m,/3®“] 

1=0 

is a strict simple stratum and, using the identity 

l v t) k (P® e ,®i(A-l))l v = f) fc (/?,A) 

(where ly denotes projection onto the hrst copy of V in 0fio^ 1 V) we get the result for 
all simple strata. Thus we continue with the case of semisimple strata. 

We begin with the proof of (v), but only for the case where the strata in (v) have the 
same associated splitting; we prove the general case after the next four lemmas. We use 
the idea of |Ste051 Lemma 3.9]. Assume that \) k (/3, A) and fi fc (/T, A) are dehned using the 
same 7 and that [A, q, t, /?'] has the same associated splitting as [A, q, t, /?]. In particular, 
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we immediately get that i) k (/3, A) n A M = f) fc (/T, A) n A* J , for i ^ j, from the definition, 
while f) fc (/3, A) n A*’* = A) n A M follows from the simple case. 

Before proving (v) in general, we show how the remaining assertions follow from it. 
(ii) is straightforward while induction and (v) imply that the definition of f)(/3, A) does not 
depend on the choice of 7 . Now (i) follows from [Ste051 3.10(h)], (iv) follows by induction 
from (i) and (ii), and finally (iii) follows from (iv) and (i). 

To finish the proof of Proposition 19. Ilf v) we need the following sequence of lemmas. 

Lemma 9.2. ^ max { 0 4+t-[-jrJ} i s an n_ t (/5, A) -bimodule for all r 5 = t ^ 0. 

For this we need the analogue of (Ste05l Lemma 3.10] for f) instead of j (see the sentence 
following loc. cit.). 

Lemma 9.3 (cf. |Ste05. Lemma 3.10(i)]). 

(i) For all integers k < we have rm*, n o r _ fe c ff k ((3,A). 

(ii) For all integers k ^ we have n o r . t cf k {/3,A) 

Proof of Lemma \9. 6 A The proof is by induction on r = —ko({3, A). We have the two 
important identities: 

f)*(j9,A) = bp it + fj max{t ’LiJ +1} ('y 5 A) 

and 


n_t = bp t o + A) n a r - t 
We write t 0 for max{0, 1 + t — [GrJ} so that 


t 0 + r — t ^ 1 + 


L 2 J 


and 2 (r — t + t 0 ) > r. 


(9.4) 


We have to show that n_ t f) to (/3, A) is a subset of f) to (/3, A). We have 
• = + ig a b^^-modulc. 


• (n^t(jd,A) n a r -t)bp t t 0 is contained in nt o _*( / 0, A) n a to+r -t, which is a subset of 
f) max ho’[§J + 1 }( 7 5 A) by (19.4p and Lemma [9731 

The last containment we need, that n_ t (/3, A)na r _ t f) max ^’l- 2 -l + 1 ^( 7 , A) is a subset of 1) to (/3, A), 
is proved by induction. The case of 7 = 0 is trivial, while the induction step is a result of 
the equality n_ t (/?,A) n a r - t = n_ t ( 7 , A) n a r _t and the induction hypothesis. □ 

Finally, we see that the proof of the general case of Proposition I9.1f v) follows from 
Lemmas 19.21 and 17.171 □ 


Given now the preliminary results on semisimple strata that we have obtained in 
previous sections and Proposition 19.11 we can follow the definitions and proofs of [ BK931 
section 3.1], from (3.1.3) to (3.1.21), to see that if one makes the obvious substitution 

• “replace by a* n n t+i ”, 

then everything is true except possibly for the equalities in (3.1.9)(iii), in (3.1.10)(iii) and 
in (3.1.11). (Some of these are already described in [Ste05| .) Thus, from now on, we will 
use these statements from [ BK93] for semisimple strata by referring to [BK93] (and giving 
the reference to [Ste05 ] if there is one). 
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9.1.2 Characters (cf. | IBK93L 3.2]) 


Here we introduce the semisimple characters and their groups exactly the same way as it 
was done in [ BK93I section 3.2] for simple characters. This definition is equivalent to the 
definition given in [Ste05 . section 3]. We fix an additive character ipp of F of level one 
(that is, trivial on but not on of). We define ip a '■= 0f ° tr^ and a character 


0/3 : U|nj +1 (A) -> C x , -0/3(1 + x) := fi A ((3x). 

The kernel of 0^ contains U n+ i(A) because ipp has level one. 

Definition 9.5. If q = —k 0 (/3, A) then we define the set C(A,m,/3) to be the set of all 
characters 9 : H m+1 (f3, A) —*• C such that: 

(i) the restriction of 9 to H m+1 (/3, A) n +1 J (A) is equal to 0^; 

(ii) the restriction of 9 to H m+1 n Bpj factors through the determinant map det^ : 

If q > —k 0 (B , A) then we define C( A, m, B) inductively to be the set of all characters 9 : 
H m+1 {(3, A) — C such that: 

(i) 9 is normalized by n(A) n Bpj] 

(ii) the restriction of 9 to H m+1 n Bp, factors through the determinant map det^ : 
B^F[f3Y; 

(iii) if m! = max(m, [|J), then 9\ H m r +i^^ is of the form #o0 c , for some 9o e C(A, m', 7 ) 
and c = 0 — 7 . 

Remark 9.6. For minimal (3 and m ^ [|J we have C(A,m,f3 ) = { 0 / 9 } 

We write Ih(9,9') for the intertwining of two characters in a group H, i.e. g s H is 
an element of Ih(9, 9') if and only if 9 9 : x *-*• 9(gxg~ 1 ) and 9' agree on the intersection of 
their domains. In the case H = G we omit the subscript. 

Let us first recall the intertwining formula for a semisimple character: 

Proposition 9.7 ( |Ste051 3.22], |BK93, (3.3.2)]). The intertwining of a semisimple char¬ 
acter 9 e C(A,m, /3) is given by S(/3)BpS(/3) where 

S(P) = S( A, m, 0) = 1 + m_fc 0 _ m + (0, A). 


Reading the proofs of [ BK93] from (3.2.1) to (3.5.10) we see that all statements are 
true for semisimple characters (after replacing b^rp by at n r \ t +i throughout) except the 
statement (3.5.1). However, there is an obvious modification of (3.5.1) which is still true: 

Proposition 9.8 (see [ BK931 (3.5.1)]). Let [A ,q,m,(3] and [A ,q,m,/3'\ be semisimple 
strata such that C( A, m, (3) nC(A, m, (3') is non-empty. Then there is a bijection t : I —► /' 
such that 1* = 1 T ^^ (mod ai), and: 

(i) k 0 ((3,A) = k 0 (P',A); 

(ii) the field extensions Ef\F and E' T ^\F have the same inertia degree and the same 
ramification index; 


32 


















(iii) the dimensions of V 1 and V' T W as F-vector spaces coincide; 

(iv) there is an element g of S(/3) such that gV l is equal to V' T ^. 

Proof. The existence of r follows from the two descriptions of the intertwining of an 
element 6 e C( A, m, (3 ) n C( A, m, /?'), 

1(9) = S(P)Bf,S(J3) = S(f3')Bp,S(P'), 

together with Lemma IT. 161 We now follow the proof of [ BK93 l (3.5.1)] to get that bp^/bpp 
is isomorphic to bp^o/bpip, by an isomorphism of ftp-algebras which maps 1* to l r ^. We 
also have that (l*a 0 P)/ai = (l r Wool T ^)/ai and thus, as in the proof of |BK93 , (2.1.4)], 
we get the desired equalities. 

The equality of the additive closures of the intertwining set 1(6) n [/(A) in terms of f3 
and /3 r implies that, for each i e I, we can write l r W = (1 + u)b(l +v) with (1 + u), (1 + u) e 
S(/3) and b e Bp. By Lemma I?. 131 applied with l 0 = c*o n Bp and t r = (S(j3) — 1) n a r , there 
is an idempotent e in Bp which is congruent to b (mod S(/3) — 1). Since, in particular, e = 
b = l r b) = i* (mod ai), Lemma 17.151 implies that e is a central idempotent in Bp, 
in particular a sum of primitive central idempotents of Bp. Since e = 1* (mod cq), 
we see that in fact e = 1*. Thus in fact 1* = 1 T( ^ (mod S(/3) — 1) and we deduce 
that g = 2* l r ^l* is an element of S(/3) with the required property. □ 

Remark 9.9. Recall that a semisimple character 6 is called simple if there is a simple 
stratum [A ,q,m,/3] such that 9 e C(A,m, /?); then, by Proposition 19.81 every semisimple 
stratum [A, q, m, /T] such that 9 e C( A, m, f3') has to be simple. 

We would like to be able to get an analogue of strata induction for semisimple char¬ 
acters, for which we need 

• the “translation principle ’ 7 initially introduced for simple characters in [ BK941 2.11], 
and 

• a result on “derived characters” (see Proposition 19. 1 ll below!. 

Theorem 9.10. Let [A ,q,m + 1 , 7 ] and [A ,q,m + 1 , 7 '] be semisimple strata with the 
same associated splitting such that 

C( A, m + 1, 7 ) = C( A, m + 1, 7 '). 

Let [A ,q,m,/3] be a semisimple stratum with splitting V = ® ieI V l such that [A ,q,m + 
l,/3] is equivalent to [A ,q,m+ 1 , 7 ] and 7 is an element ofY[ ieI A h \ Then there exists a 
semisimple stratum [A, q. m, /3'] with splitting V = 0j/ e/ / V’ 1 such that [A, q,m + 1, /3'] is 
equivalent to [A ,q,m+ 1, 7 '], with 7 ' e Y\i'ei' ^ ’* ant i 

C(A,m,/3) = C(A,m, j3'). 

Proof. In |BK94 , 2.11] the statement and its proof are formulated for strict simple strata 
but, if we follow line by line the proof, we see that the result is valid for arbitrary simple 
strata. Moreover, the proof is also valid if [A, q, m + 1, 7 ] is simple but we allow [A, q, m, ff\ 
to be a semisimple stratum, provided we make one small change: we substitute the cri¬ 
terion of [ BK941 5.5] for a fundamental stratum to be simple by the criterion of Propo¬ 
sition 16.111 for a fundamental stratum to be semisimple. Let us repeat the steps of the 
proof to point out the changes: 
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(i) As in [ BK94I 2.11], we take two tame corestrictions s and s' for 7 and 7 ' such 
that s(x) is congruent to s'(x) mod a t+ \ for all elements x of a t and all integers t, 
see [BK941 5.2(iii)]. 

(ii) We put c = f3 — 7 and show, as in I BK9 1 . 5.3], that [A, m + l,m, s(c)] is fundamental 
implies that [A, m + 1, m, s'(c)] is fundamental too; however, we need that the latter 
stratum also satisfies the criterion on the maps m n)rn+ of Proposition l 6 .Hl Note 
that the same proposition implies that the maps m n:m+ i jS ( c ) do satisfy this criterion. 

The tame corestrictions s and s' are surjective as maps from a f to b 7i * and to by,*, re¬ 
spectively, and thus we obtain an isomorphism of kf -vector spaces fit from b 7 j t/b 7 j t +1 
to b 7 / i t/by i t + 1 , for all integers t, by sending the class of s(x) to that of s'(x); note 
that this is well defined by [(I)] Then m ntm+M / (c) is equal to fi n - m -\ °rn n ,m+i,s{c) °fif l 
and thus, varying n, the maps m n ^ m+ i )S g c ) satisfy the additional criterion of Propo¬ 
sition 16.111 

(iii) As in the part after (5.4) in [BK941 2.11], we show that the algebras lZ([A,m + 
l,m,s(c)]) and lZ([A,m + l,m, s'(c)]) are isomorphic, which implies, by Propo¬ 
sition [ 6 TT 1 that [A ,m + l,m, s'(c)] is equivalent to a semisimple stratum; there¬ 
fore [A, q, m, 7 ' + c] is equivalent to a semisimple stratum [A, q, m, /?'] and we have 

C(A, m, (3) = ip c C(A, m, 7 ) = ^ c C(A, 771 , 7 ') = C(A,m,/5'). 

Let us now consider the general case. Since 7 and 7 ' have the same associated split¬ 
ting V = 0 je jW, the previous case implies that we can find, for every j e J, an 
element satisfying the assertions, but for the jth block. Now we put /T = Yjjej ^ 
obtain 

C(A, m, (3) = C( A, m, /3') 

directly from the dehnition of the set of semisimple characters, because 

• the equality is true blockwise for the blocks for 7 , or, which is the same, the blocks 
for 7 '; 

• H m+1 (/3, A) = H m+1 (/3', A) by [BK931 (3.5.9)]; 

• C(A, m + 1, j3) = C(A, m + 1, /?'). 

□ 

Proposition 9.11. Suppose m < q — 1 and let [A ,q,m,/3] and [A ,q,m,/3'] be semisim¬ 
ple strata which have defining sequences with a common first element [A,q,m + 1 , 7 ]. 
Suppose 9 e C(A,m,f3) and 6' e C(A,m,/3') are semisimple characters which agree on 
restriction to H m+2 ( 7 , A), so that we can write 6' = 6qi pg'-^ and 9 — 0 O ^_ 7+C? for 
some 9 0 e C(A,m, 7 ) and c e a_( m+ i). Let s 7 be a tame corestriction with respect to 7 . 

(i) For any g e 1(9,9') there are elements x, y e ^( 7 ) and g' e S 7 such that g = xg'y; 

moreover, g' intertwines ' 0 s 7 (^- 7 + c ) with 7 )- 

(ii) For any g' e I B * there are elements x,y of 1 + m_ feo(7iA )- m -i 

such that xg'y intertwines 9 with 9'. 

(iii) If the characters ^.s(,g- 7 +c) and are equal, then there is z e 1 + m_fc 0 ( 7 ) A)- m -i 

such that 9 Z = 9'. 
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Remark 9.12. The strategy of the proof of Proposition 19. 1 l[fTT 


is as follows: we take x 
and y such that xg'y intertwines the stratum [A, <7,771,0'] with [A,q,m,/3 + c] (see also 
Proposition 17.611 and prove that xg’y intertwines 6 with O’. Thus, if c is an element 
of A 1 ' 1 and g' maps the splitting associated to 0' to that of 0, then we can choose x e 
Qj A 1)1 and y e A 11 which satisfy the assertions of Proposition 19 . 1 ] 


n 


Proof. We have 77 m+1 (0, A) = A) = H m+1 {^, A) by [BK931 (3.1.9)], so we just 

write H m+1 . 


(i) The decomposition g = xg'y follows directly from Proposition 19.71 We remark also 
that, by [ BK931 (3.6.2) and (3.1.15)(ii)], the elements x and y normalize H m+1 . 
Thus g' e I(9 X , 9 ,y ~ x ). By [BK931 (3.3.9)] we have 

Q x = do and e ,y 1 = 6>o'0y 7 j / -i- 7 '0/3'-7- 

We have and f> yiy - 1_ 7 = 0_ a (y) (as characters of H m+1 ) and thus 

their restrictions to JJ m+1 (A) n Bf are trivial. Thus, on U m+1 (A) n Bf , we have 

9 d $00/3— 7 +c ^O0s 7 (/3— 7 +c) j 

and analogously for d v 1 . Since g’ intertwines d x with d y 1 and 9q with itself, it also 
intertwines fj s ^_ 1+c) with 

(ii) If some element g' s Bf intertwines 0 S7 ( j a_ 7+c ) with 0 S7 (^/_ 7 ) then it intertwines 
the stratum [A, m + 1, m, s 7 (/3' — 7)] with [A, m + 1, m, s y (/3 — 7 + c)] and thus, 
by Proposition 17.61 there are elements x,y of 1 + nx_fc 0 ( 7i A)- m -i such that g' in¬ 
tertwines [A, q, m, y/3'y^ 1 ] with [A, q, m, x _1 (/3 + c)x]; that is, g' is an element 
of I^x-^p+^xAyp'y- 0- Now we have 

0a: - 1 (/3+c)x 0/1+c— 7 0x —1 7 a:— 7 0 7 j 

and an analogous equation for 0 y/3 / y -1. Since g' intertwines each of d 0 and 0 7 |j 7 m+i 
with themselves, we deduce that g' intertwines d x with d' y . 

(iii) This follows immediately from (ii) applied to the identity element by putting z = xy, 
which normalizes H m+1 . 


□ 


9.2 Semisimple characters for G 

Suppose now that [A, q, m, 0] is a skew-semisimple stratum and continue with the notation 
of the previous subsection. The adjoint anti-involution a of the signed hermitian form h 
acts on C(A, m, (3) via 


(<T.0)( g) := 0(o(g- 1 )), gcH m +\t3, A). 

Definition 9.13. We define the set of semisimple characters C_(A, m, 0) to be the set 
of all restrictions d\ H m+i^ ^^ G where 9 run through all elements of C(A,m, 0) CT , the set 
of a-fixed points. 

We call an element of C_(A, m, 0) a semisimple character for G. 
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Remark 9.14 ( |Ste051 3.6], [ SteOlbi 2.5]). 

(i) The restriction map from C( A, m, /3) a to C_(A, m, (3) is bijective, in particular injec¬ 
tive. 

(ii) For two skew-semisimple strata [A, q, m, /3] and [A, q, m, /T], characters 6 s C( A, m, j3) 
and 6' e C(A, m, j3'), and g e G, the following conditions are equivalent: 

• g^H9,d r ) ; 

• 9 e \H m+1 (A,f3)r^Gi ^|i/ m + 1 (A,/3)nG)- 

We have an analogous description to that of Proposition 19.71 of the intertwining of a 
semisimple character for G. 

Proposition 9.15 ( |Ste05L 3.27]). For9_ e C_(A, m, /3) a semisimple character of G, we 
have 

Ig{9~) = (S(P) n G){B P n G){S{P) n G ). 

For two skew-semisimple strata giving the same set of semisimple characters we have 
a stronger version of Proposition 19.81 

Corollary 9.16. Let [A ,q,m,P] and [A,q,m, P'] be skew-semisimple strata such that the 
intersection C_(A,m, P) n C_(A,m, P') is non-empty, and let r : / —» /' be the bijection 
given by Proposition \9.fy such that V = 1 T W (mod ai). Then the spaces V 1 and V' T ^ are 
isomorphic as hermitian spaces, for all indices is I. 

Proof. This follows directly from Proposition ^. II applied to the map v *-*■ ^ ieI l r h) \ l v. □ 

We also get an analogue to [ BK93 . 3.5.9] for semisimple characters for G. 

Proposition 9.17. Suppose [A ,q,m,P'] and [A ,q,m,P] are skew-semisimple strata with 
the same associated splitting, such that m > 0 and 

C(A,m,P) = C(A,m, P'). 

Then H m (P) = H rn (P') and there is a skew-semisimple stratum [A, q, m, P"] equivalent 
to [A ,q,m,P], with the same associated splitting, such that 

C{ A, m — 1, P") = C( A, m — 1, P’). 

Proof. The same proof as in the first part of [ BK931 3.5.9] shows that H m (P) = H m (P'). 
Now we take a character 6 in C(A, m — 1, P) a and a skew-symmetric element b of a_ m (A) 
in ]])[ i such that dpi, is an element of C(A, m — 1, /?'). The same proof as in the second 
part of IBK95. 3.5.9] shows that there is a semisimple stratum [A, n, m — 1, P"\ equivalent 
to [A, n, m — 1, P + b] such that P" e ^ A 1 ’ 1 . Since P + b is skew-symmetric P" can be 
chosen skew-symmetric, by [SteOlal 1.10]. Then 

C{ A, m — 1, P") = C{ A, m — 1, P)ifb 

has a non-trivial intersection with C(A,m — 1,/?'), and thus they equal by the analogue 
of [BK931 3.5.8], □ 

Next we obtain an analogue of the translation principle, Theorem 19.101 
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Theorem 9.18. Let [A ,q,m + 1 , 7 ] and [A,q,m + 1 , 7 '] be skew-semisimple strata with 
the same associated splitting such that 

C(A, m + 1 , 7 ) = C( A, m + 1 , 7 '). 

Let [A, q, m, 0] be a skew-semisimple stratum, with splitting V = @ ieI V 1 , such that [A, q, m+ 
1 , 0\ is equivalent to [A,q, ra + 1 , 7 ] and 7 is an element ofY\ ie j A 1 ’ 1 . Then, there exists a 
skew-semisimple stratum [A ,q,m,/3'], with splitting V = 0 i/g/ , V n , such that [A ,q,m + 

1 , /T] is equivalent to [A ,q,m+ 1 , 7 '], with 7 ' e Y\i'<=r A 11 and 

C(A,m,/3 ) = C(A,m, 0). 

Proof. The proof of [ BK94L 2.11] starts with an iterative application of [BK931 3.5.9], 
which we can modify as in the proof of Proposition 19.171 to obtain a skew analogue. But 
now the proof of Theorem 19.101 goes through on noting that all strata which occur are, or 
can be chosen to be, skew. □ 

Finally, we get an analogue of Proposition 19.111 with the same proof (replacing the 
reference to Proposition 19.71 bv Proposition 19.15(1 . 

Proposition 9.19. Suppose m < q— 1 and let [A ,q,m,/3] and [A,q,m,0] be skew- 
semisimple strata which have defining sequences with a common first element [A, q,m + 
1 , 7 ]. Let 6 e C(A, m, (3) a and 9' e C(A,m, 0) a be semisimple characters which agree 
on H m+2 (A,'y), so that we can write O’ = 9 0 fip /_ 7 and 9 = 9 0 ipp-^ +c , for some 9 0 e 
C(A,m, 7 ) 0 ' and c e a_( m+ i)_. Let s 7 be a a-equivariant tame corestriction with respect 
to 7 . 

(i) For any g e I G (Q,9') there are elements x,y e S(fi) n G and g' e n G such 
that g = xg'y; moreover, g' intertwines fi s ^p_ 1+c ) with ip s 

(ii) For any g' e /s 7 nG(^ 7 (/ 3 - 7 +c), there are x,y e (1 + m_ fco ( 7 ,A)-m-i) n G 
such that xg'y intertwines 9 with 9'. 

(hi) If'ips^p-y+c) = ^ 03 '- 7 ) then there is z e (1 + m_ fco ( 7 iA )_ m _i) n G such that 9 Z = 9'. 

10 Matching and conjugacy for semisimple charac¬ 
ters 

In this final section we prove that there is an analogue of the matching Proposition 17.11 
for semisimple characters which intertwine. One might think that this matching could 
just come from that for the underlying semisimple strata, but these do not necessarily 
intertwine so this is not possible. Then the sufficient condition (18.4(1 for an “intertwining 
implies conjugacy” result for semisimple strata is also sufficient for semisimple characters, 
also in the case of semisimple characters for G. 

10.1 For general linear groups 

For a semisimple character 9 e C(A,m, fd), with decomposition V = 0 igJ F ! associated 
to [A, q, 0, 0], we write 9i for the restriction of 9 to H m+1 (A\ fif) = H m+1 (/3, A) n for 
each index i e /. 
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Theorem 10.1. Let 9 e C(A,m, j3) and O' e C(A',m, /3') be semisimple characters which 
intertwine. Then there is a unique bijection £ : I —> I' such that there is an element g e G 
with 


(i) g V i = V'^\ for all i e I; 

(ii) Of and intertwine, for all ie I. 

Moreover, all elements g' e G which satisfy the first property also satisfy the second. 


Proof. We remark first that the final sentence of the statement is clear. We continue 
with the uniqueness of £ under the assumption that the existence statement is proven. If 
there are two bijections from / to I' satisfying the assertions of the theorem then there 
are indices ii,z 2 e / and 


il 


I' such that 0 n and 0 i2 intertwine with 


By 


we 


can conjugate 9\, to V 11 and to V 12 , and afterwards 9\, (g) 9\, is the Levi-part (under an 
Iwahori decomposition) of a simple character, which intertwines with 9 %l (x) 0 i2 . The index 
set of the latter two semisimple characters have different cardinalities and we obtain a 
contradiction. 

We now turn to the existence proof. First we reduce to the case of lattice chains, in 
fact to the case where both lattice chains are block-wise principal lattice chains - that 
is, for each index i the dimension dirn K/ ,, A l k /A l k+l is independent of k. For that we repeat 
the f -construction := ©®Iq(A — j ), where e is the period of A (which we assume 
coincides with that or A'), and A'f similarly. Let us remark that A^ is the direct sum of 
the (A l )L We will also need to use the notion of endo-equivalence of simple characters, 
for which we refer the reader to |BH96) and [BSSl 2 j| . 

By assumption, 6 and 9' intertwine and thus 6 1 and 9'^ intertwine. Assume that we have 
proven the existence of £ for the case of block-wise principal lattice chains. In particular 
we find an element g which maps, for each index i, the vector space (V*)t to and 

then ( 9}) 9 1 and 8^ intertwine. In particular, this implies that and V 1 have the same 
dimension and that 9] and 9^ are endo-equivalent. (More precisely, they are realizations 
of endo-equivalent ps-characters.) Thus there is an isomorphism g % : V 1 —> and, 


for any such, the simple characters 9f l and 9'^ intertwine, since they are realizations 
of endo-equivalent ps-characters on the same space. Thus the element Yji eI 9 1 h as the 
required properties. This finishes the proof of the reduction to the block-wise principal 
case. 

Now we assume we are in the block-wise principal case and prove the existence 
of £. We proceed via induction on m, with the case m 5 = [|J following directly from 
Proposition 17.11 For m < [|J, let [A ,q,m + 1,7] be a semisimple stratum equivalent 
to [A ,q,m + l,/5] with 7 e []; A’*, and similarly for [A ',q,m + 1,7']. We write J for 
the index set of the splitting of [A ,q,m + 1,7], and similarly J'. We have the char¬ 
acter 9 1 = 9\ H m+2(^^ e C(A,m + 1,7), and similarly O' ,, and these characters inter¬ 
twine. In particular, by induction, there are a bijection £ 7 : J —> J' and g 6 G such 
that gV' J = V'PA) and 9l u3 intertwines 91,, for all j e J, where 0 7J - = 9 1 \ H m+2^. ^y 
Since gA J and A 1 ^^) are then principal lattice chains of the same period in the same space, 
they are conjugate so, changing g, we may assume they are equal; that is, g e U( A). 

In particular, conjugating everything by g, we may assume that the strata [A, q, m + 
1, 7 ] and [A, q,m + 1, 7 '] have the same splitting and 9 7 j intertwines O' ,j. Moreover, since 
we can then prove the existence of £ separately for each block Vf we may assume that 
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and 0y are simple (and intertwine). Since A and A' are again principal lattice chains 
of the same period in the same space, they are conjugate, and we can assume A = A'. 
Then |l BK93i Theorem 3.5.11] implies that 0 7 and 9y are conjugate by an element of U( A) 
so, by conjugating, we can assume they are equal. By [BK931 3.5.8] we then have that 

H m+1 (/3, A) = H m+l ( 7 , A) = A) = H m+1 (p', A). 

Thus we abbreviate H m+1 , and similarly H m+2 . By the translation principle Theo¬ 
rem [97TQ1 we can find a semisimple stratum [A ,q,m,/3"] with splitting V = ® iE7 -„ V" 1 
such that 

• [A, q,m + 1, P") equivalent to [A, q, m + 1 , 7 ']; 

• C(A, m, P") = C(A, m, /?) and 

• i e Hi" A 1 " 1 " ■ 

Now Proposition 19.81 implies that we have a bijection r : I —» I" and h e S(P) such 
that hV l = V" 1 . The element h normalizes 9 , thus 9 } f = 9 T n\. In particular, we may 

replace (3 by /?", since we can then compose the bijection £ : I" —* I that we find with r 
(and left multiply the g with h)\ that is, we can assume that 7 = 7'. 

Now let s 7 be a tame correstriction with respect to 7 . We write 6 and 9’ as in 
Proposition 19.111 

9 = f'oV’s— 7 +c, and O' = 6 * 0 ^- 7 , 

with 0 O 6 C(A, m, 7) and c e o_( m+ i). Moreover, by Remark 19.121 we can assume 
that c is decomposed by the splitting V = ® iE/ V 1 . Since 0 O and ip c 9 0 are both el¬ 
ements of C(A, m, 7), both are intertwined by every element of B *; in particular, we 
deduce that the derived stratum [A ,m + l,m, s 7 (c)] is intertwined by every element 
of B * and thus s 7 (c) is an element of F[y] + b 7i _ m , by |BK93 . Lemma 2.4.11], Then, 
since c, P are both decomposed by the splitting V = © i£/ V l , there is a semisimple stra¬ 
tum [A, m + l,m, 5] equivalent to [A, m + 1, m, s((3 — 7 + c)] with splitting V = @ ieI V 1 . 
Similarly, there is a semisimple stratum [A, m+1, m, h'] equivalent to [A, m+1, m, s(/5'— 7 )] 
with splitting V = ® ie// V 1 '. 

By Proposition 19. Ill there is an element of U 7 which intertwines [A,m + l,m, s{fi' — 7)] 
with [A ,m + l,m,s(P — 7 + c)], so intertwines the semisimple strata [A ,m + l,m, 5] 
and [A,m+ l,m,h']. Then the matching for semisimple strata, Proposition 17.11 implies 
that there is g e B * which matches their splittings; indeed, since we are in the block- 
wise principal case, we may choose such g e U( A) n H 7 . In particular, conjugating by 
this element (which centralizes 7), we may assume that 1 = 1' and the strata [A, m + 
1, m, h] and [A, m + l,m, 5'] are intertwined by an element of S 7 n A 1 ’ 1 . But then, by 
Proposition 19.1 ll again. intertwines with 9\ for all i £ /, which finishes the proof. □ 

Theorem 10.2. Let 0 e C(A,m,P) and 6' e C(A,m, P') be semisimple characters which 
intertwine, let ( : I —> /' be the matching given by Theorem \ 10. 11 and suppose that the 
condition (18.41) holds. Then 0 is conjugate to 9' by an element ofU( A). 

Proof. We prove the theorem by induction on m, with the case m = q — 1 following from 
Theorem 18.31 Thus assume m to be strictly smaller than q — 1 and then, by the induction 
hypothesis and conjugating, we may assume that H m+2 (/3, A) = H m+2 (P', A) =: H m+2 and 
that the two characters agree on H m+2 . We apply the translation principle Theorem 19.101 
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to reduce to the situation where the strata have defining sequences with a common first 
element [A, n,m + 1, 7 ]. Now writing 9 , 6' as in Proposition 19.Ill we get that the derived 
strata intertwine so, by Theorem 18.31 are conjugate by elements of U( A) n B 7 . But then 
Proposition 19. 11 Uni) gives us an element of U( A) which conjugates 9 to 9'. □ 


10.2 For classical groups 

If two characters 9- e C-(A,m, (3) and 9'_ e C-(A,m, f3') intertwine then their lifts 9 e 
C(A,m, /3) a and 9' e C(A,m, /3') a intertwine and we get a matching f : I —» I' from 
Theorem 110.11 Let us state the main theorem: 

Theorem 10.3. Let 9 _ e C_(A, m, /3) and 9'_ e C_(A, m, /3') be two semisimple characters 
of G, which intertwine over G, and assume that their matching satisfies dS3D. Then, 9 _ 
and 9'_ are U(A )-conjugate. 

Proof. The proof is completely the same as for Theorem ll0.21 using Theorems 18. 71 and 19.181 
and Proposition 19.191 in place of the equivalent statements for G. □ 

We also conjecture a more natural version of the Matching Theorem 110.11 for G. 

Conjecture 10.4. Let [A ,q,m/3] and [A’,q, m/3’] be skew-semisimple strata and 9 e 
C(A,m, /3) a and 9' e C(A', m, (3') a two semisimple characters which are intertwined by 
an element of G. Let ( : I —» I' be the matching from Theorem \lU.l[ Then, there is an 
element g e G such that gV l = V'^, for all i e /. 
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